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HuceprauiitHa poOoTa HanpaBJIeHAa HA BUPIIIEHHS aKTyaJIbHOI HAYKOBOI IpOo0IeMH
— MAaTeMaTHYHOTO 1 KOMITIOTEPHOTO MOJICITIOBAHHS MPYXKHOTO CTaHy OaraTo3B’s3HHX
TPaHCBEPCAIBHO-130TPOMHUX TUT 3 HEOJAHOPIAHOCTSAMH THUIY BKJIIOYEHb, MOPOKHUH,
TPIIIMH MIJITXOM IMOJANBIIIOT0 PO3BUTKY amapary y3arajibHeHoro merogay dyp’e. Meton
JI03BOJIsI€ TOOYTyBaTH TaKl BEKTOP-(PYHKIIIT MEpEeMIIIeHb Y PO3TISHYTUX 0arato3B’ I3HUX
TPaHCBEPCAIBHO-130TPONMHUX TLIAX, K1 TOYHO 33/I0BOJBHSIOTh TPAHUYHI YMOBH Ha BCIX
1X MOBEPXHIX.

OG’eKTOM JIOCHIDKEHHSI € Hamnpy>KeHo-AeOopMOBaHM CTaH 0araTo3B’sI3HUX
TPaHCBEPCAIBHO-130TPOMHUX TiA CKJIAJHOI HPOCTOPOBOI CTPYKTYpPH, IO MICTSITh
TCOMETPUYHI HEOJHOPITHOCTI y BUIJISAI TMOPOXKHUH, TPIIIMH, CUCTEM TPIIIUH a0o
AHTUTPILIMH, PO3MIIICHUX Y PI3HUX KOHPITYpaIisix.

[IpeameToM AOCHiDKEHHS € MaTeMaTHYHI MOJENi HAMpYy>KEHOTO CTaHy
TPaHCBEPCAIBHO-130TPOITHUX TiJ 3 TPIIIMHAMHU, TOPOKHUHAMHU Ta BKIFOUEHHSIMU TIEBHOT
dbopmu, a TaKOXK METOU MOOYI0BH, aHAITI3y 1 KOMITFOTEPHOT peai3allii Takux MoJeeH.

VY cydacHOMy CBITI jaenani OUTbIIe yBarw NPUIUSIETHCS CTBOPEHHIO HOBITHIX
MarepiaiiB 13 3adaHUMU (PI3UKO-MEXaHIYHUMH BJIACTUBOCTSIMH, IO MPHU3BEIO 0
IIMPOKOTO 3aCTOCYBAaHHS KOMIIO3UTIB Ta aHI30TPOIHUX MAaTEpiasliB B PI3HUX Taly3sux
TeXHIKM — B aBialiiHOI Ta KOCMIYHOI 70 OIOMEIWYHHUX 3aCTOCYBaHb. 3ajadi
OPYXKHOCTI ISl TUT 13 TPIIIMHAMHU MAalTh HAJ3BUYAMHO BaXJIMBE 3HAYECHHS IS
IPOTHO3YBaHHS Ta 3aMo0IraHHs PYWHYBAHHIO J€Tajeid, BY3JIB 1 KOHCTPYKILIH. VY

0aratbOX BHUMAJKax HASBHICTH TPIIIUH HECE KPUTHUUHY 3arpo3y IS IUIICHOCTI CUCTEM, 1
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MOJICITIOBAHHS 1X BIUIMBY MOTpeOye €(PEKTUBHUX 1 TOYHUX MATEMATUYHUX METOJIB.
BuBueHHs TpaHCBepCalbHO-130TPONMHUX MaTepiaidiB 13 TpIMIMHAMHU, OCOOJIUBO Yy
CKJIQJJHUX T'€OMETPUYHUX KOH(DIrypauisix (Halmpukiad, MpyU HAIBHOCTI KUIBKOX TPILIUH
a00 TIeP1IOAMIHUX CHUCTEM TPIIIHH), JI0C1 3AIMIIAETHCS OJTHIEI0 3 HAMEHIII JOCITIKCHHX,
aJie HaJ[3BUYAHO BXKIIMBUX MPOOJIEM TeOPii NPy KHOCTI.

MareMaTuyHl 1 KOMIT'IOTEpHI MOJEJl, OTPMMaHiI B JAUcepTauli, 0a3yloTbca Ha
KpaloBUX 3a/iayax JJig CUCTEMU PiBHSIHb PIBHOBAru y MEPEMIIICHHSIX TPEHCBEPCAIBHO-
130TPONHUX 0araTo3B’s3HUX T1J, OOMEKEHUX KOOPJAMHATHUMU MOBEPXHIMHU CTUCHYTHUX
cdepoiganbHuX cucteM KoopAauHAaT. OCHOBHUM METOIOM MOOYTOBU TaAKUX MOJEICH s
BKa3aHUX TUI € y3arajbHeHuM meton Dyp'e, IKUi OTpUMaB MOAAIBIIOTO PO3BUTKY B
aucepTaniHii  po6oti. g uporo Bmepiie cTporo OyJio J0BeACHO Oa3UCHICTH
BICECUMETPUYHOTO HAOOPY BEKTOPHUX PO3B’SI3KiB PIBHSHD PIBHOBArd B MEPEMIMIEHHSIX
TPaHCBEPCAIBHO-130TPOITHOTO CTUCHYTOro cdepoina 1 TPOoCTOopy 31 CTUCHYTOIO
cepoinanbHOI0 MOPOKHMUHOI. Ha 0CHOBI BIiepIie OTpUMaHUX HUKHIX OLIHOK MOJYJIIB
BU3HAYHHKIB PO3B’S3YBAJBHUX CHCTEM TIEPIIOi Ta JAPYroi KpaloBUX 3amad IS
TpPaHCBEPCAIBHO-130TPOIHOIO CTHUCHYTOTO cdepoiga 1 MpocTopy 31 CTUCHYTOIO
cdepoigarbHOI0 MOPOKHUHOIO BCTAHOBJICHO KJIACH PO3B’A3HOCTI WX 3a7a4 3BUYaHUM
metonoM Dyp'e. OTpuMaHO HOBI TEOpEMHU JTOJABAHHS JUIsl ITUX Oa3UCHUX PO3B'S3KIB Y
CTUCHYTHX C(QepoifalbHUX CHUCTEMax KOOPAHWHAT, MOYATKA SKHUX JOBIILHO 3CYHYTI
B3JI0OBXK OC1 CUMETIi.

3a J0MOMOrOI PO3BMHYTOTO MAaTE€MaTUYHOTO armapary BIepiie Mno0yaoBaHa
MaTeMaTHyHa  TapaMeTpuyHa  MOJeNb  HalpyXeHO-Ae(pOpPMOBAHOTO  CTaHy
TPaHCBEPCAIBHO-130TPOITHOTO CTUCHYTOTO cdepoima 31 CTHCHYTOH cdepoinaabHO0
nopoKHUHOI. OOMJIBI TMOBEPXHI MOXYTh 3HAXOJUTHCS MiA 1€ JOBUIBHOTO
BICECUMETPUYHOTO BpIBHOBAKCHOTO HaBaHTaXeHHS. [IpoBegeHO KOMIT IOTEpHUI
napamMeTpUYHUN aHaI3 HAMIPY>KEHb Y BUMAJKY, KOJIH MOPOKHUHOIO € TPIIIKHA.

JlocmipkeHHO 3a7ady TpO HANpy>KEHUH CTaH TPaHCBEPCATBHO-130TPOITHOTO
OpocTOpY 3 JIBOMa MapajedbHUMU KPYroBUMHU TpimuHaMmu. Kowmm’torepHuit

CKCIICPUMCHT Y 3a11at1i 6YB CHpSIMOBaHI/Iﬁ Ha IIOCJIi,ZI}KeHHSI B3a€MHOI'0 BINIMBY JIBOX
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KOHIICHTPATOPIB HANIPYKEHb HA JJOKAJbHUM CTaH B OKOJI1 TPILIUH, 30KpeMa Ha 3HAYCHHS
Koe(iIl€HTIB IHTEHCUBHOCTI HAIPyKE€Hb Ha MEKaX TPIIIHH.

Brepiie moctaieHo i po3B’si3aHO 3a71a4i MPO HAMIPYKEHHUH CTaH TPaHCBEPCATBLHO-
130TPOIHOTO MPOCTOPY 3 PI3HUMHU KOH(DITypaIrisiMu MEepIOJUYHHX CHUCTEM (ITaKETiB)
IUIOCKMX KPYTOBHX TPIIIMH 1 AaHTUTpimKMH. [IpoBeneHO MmUpoke KOMIT I0TepHE
MOJIEJIIOBaHHS, B SKOMY pPO3IVIAJNAIUCS K MNEPIOJUYHI, TaK 1 HENeploJAUYHl MAKETH
TPIIIMH 1 AHTUTPIIITUH Pi3HOT KOH}ITYypallii, a TAKOkK OKpeMi TPIITUHU 1 aHTUTPIIIUHH.

Kuro4oBi cjioBa: MareMaTH4HE 1 KOMII IOTEpPHE MOJIECIIOBAHHS, MaTeMaTH4Ha
MOJIeJIb, TPAHCBEPCAIBHO-130TPONHUI MPOCTIpP, HAMpyKeHO-IePOpPMOBAHUMN CTaH, JBi
OJTHOOCHI MapalieJibHi KPYroBl TPIIIUHHM, CTHUCHYTI cdepoigaabHi KOOPJAWHATH,
y3aranbHeHull Metoq Dyp’e, 6a3uCHI po3B’SI3KK, PIBHSAHHS PIBHOBArd B MEPEMIILICHHSX,
TpPaHCBEPCATbHO-130TPOMHE TUJIO, PO3B’S3yBajbHA CHCTEMa, TEOPEMH JOJaBaHHS,
Koe(IIIEHT IHTEHCUBHOCTI HaIpy>KeHb, (PEATOJIBMIB Oleparop, piBHICTH IlapceBais,
nepia i Apyra KpaioBl 3aaadl Teopii HNPYKHOCTI, YMOBH 301KHOCTI METONY, OLiHKa
MOJTyJIsl BUBHAYHUKA PO3B’SI3yBaIbHOI CUCTEMH, TIEPIOJUYHI CUCTeMH (TIaKeTH) TPIIIUH,
MpeACTAaBHUIILKHM 11ap, TOCTAHOBKA MEPIOAMYHOI 3aa41, KOHPIrypalis makeTy TpillyH,
B3a€EMHHI BIUIUB TPINIUH, TMPAKTUYHA 301KHICTH METOMY, AHTHTPINIMHA, MEPIOTUIHI
MaKeTH aHTUTPIKH, QyHKIT JIexaHapa nepIioro 1 Apyroro poay, po3MnoALl HAllPYKEHb
B 00jacTsAx iX KOHIIEHTpallli, METOA PEeAyKIlli, TOYHA aHAJTITUYHA MOJIEIb, MIIHICTD,

aHI30TPOIIIs, METOJT CKIHUCHHUX €JIEMECHTIB.
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ABSTRACT

Krainychenko Alina Sergiivna. Some problems of the theory of elasticity for multi-
connected transversally isotropic bodies. - Qualification scientific work in the form of a
manuscript.

Dissertation submitted for the degree of Doctor of Philosophy in the field of
knowledge 11 — Mathematics and Statistics, specialty 113 Applied Mathematics. —
National Aerospace University "Kharkiv Aviation Institute", Kharkiv, 2025.

The dissertation work is aimed at solving a topical scientific problem -
mathematical and computer modeling of the elastic state of multi-connected transversely-
isotropic bodies with inhomogeneities such as inclusions, cavities, cracks by further
developing the apparatus of the generalized Fourier method. The method allows to
construct such vector-functions of displacements in the considered multi-connected
transversely-isotropic bodies that exactly satisfy the boundary conditions on all their
surfaces.

The object of the study is the stress-strain state of multi-connected transversely-
isotropic bodies of complex spatial structure, containing geometric inhomogeneities in
the form of cavities, cracks, systems of cracks or anticracks, located in different
configurations.

The subject of the study is mathematical models of the stress state of transversally-
1sotropic bodies with cracks, cavities and inclusions of a certain shape, as well as methods
of construction, analysis and computer implementation of such models.

In the modern world, more and more attention is paid to the creation of new
materials with specified physical and mechanical properties, which has led to the
widespread use of composites and anisotropic materials in various branches of technology
- from aviation and space to biomedical applications. Elasticity problems for cracked
bodies are of paramount importance for predicting and preventing the destruction of parts,
assemblies and structures. In many cases, the presence of cracks poses a critical threat to
the integrity of systems, and modeling their impact requires effective and accurate

mathematical methods. The study of transversely isotropic cracked materials, especially
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in complex geometric configurations (for example, in the presence of several cracks or
periodic crack systems), still remains one of the least studied, but extremely important
problems of the theory of elasticity.

The mathematical and computer models obtained in the dissertation are based on
boundary value problems for the system of equilibrium equations in the displacements of
transversely isotropic multi-connected bodies bounded by the coordinate surfaces of
compressed spheroidal coordinate systems. The main method for constructing such
models for the specified bodies is the generalized Fourier method, which was further
developed in the dissertation work. For this purpose, the basis of the axisymmetric set of
vector solutions of the equilibrium equations in the displacements of a transversely
isotropic compressed spheroid and a space with a compressed spheroidal cavity was first
strictly proven. Based on the first obtained lower estimates of the moduli of the
determinants of the solution systems of the first and second boundary value problems for
a transversely 1sotropic compressed spheroid and a space with a compressed spheroidal
cavity, the solvability classes of these problems were established by the usual Fourier
method. New addition theorems for these basic solutions in compressed spheroidal
coordinate systems, the origins of which are arbitrarily shifted along the symmetry axis,
were obtained.

Using the developed mathematical apparatus, a mathematical parametric model of
the stress-strain state of a transversely isotropic compressed spheroid with a compressed
spheroidal cavity was first constructed. Both surfaces can be under the action of an
arbitrary axisymmetric balanced load. A computer parametric analysis of stresses was
performed in the case when the cavity is a crack.

The problem of the stress state of a transversely isotropic space with two parallel
circular cracks was investigated. The computer experiment in the problem was aimed at
studying the mutual influence of two stress concentrators on the local state in the vicinity
of cracks, in particular on the values of the stress intensity coefficients at the crack
boundaries.

For the first time, problems on the stress state of transversally isotropic space with

various configurations of periodic systems (packages) of flat circular cracks and
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anticracks were posed and solved. Extensive computer modeling was carried out, which
considered both periodic and non-periodic packages of cracks and anticracks of various
configurations, as well as individual cracks and anticracks.

Keywords: mathematical and computer modeling, mathematical model,
transversely isotropic space, stress-strain state, two uniaxial parallel circular cracks,
compressed spheroidal coordinates, generalized Fourier method, basis solutions,
equilibrium equations in displacements, transversely isotropic body, solution system,
addition theorems, stress intensity coefficient, Fredholm operator, Parseval equality, first
and second boundary value problems of the theory of elasticity, convergence conditions
of the method, estimation of the modulus of the determinant of the solution system,
periodic systems (packages) of cracks, representative layer, formulation of a periodic
problem, configuration of a package of cracks, mutual influence of cracks, practical
convergence of the method, anticrack, periodic packages of anticracks, Legendre
functions of the first and second kind, distribution of stresses in regions of their
concentration, reduction method, exact analytical model, strength, anisotropy, finite

element method.
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BCTYII

AKTYaJILHICTh TeMH JTOCTII’KEeHHS.

VY cyudacHomy CBITI jAenaini OuIbllle yBaru NPUIUISIETbCS CTBOPEHHIO HOBITHIX
MaTtepiamB 13 3aJaHUMH  (PI3UKO-MEXaHIYHUMHU BJIACTUBOCTSAMHU, IO HPHU3BEIO 10
IIUPOKOTO 3aCTOCYBaHHS KOMIIO3UTIB Ta aHI30TPOITHUX MaTepiajliB B PI3HUX Traiay3sx
TEXHIKM — BIJ] aBlalliiHOI Ta KOCMIYHOi 70 OloMeIWYHUX 3acTocyBaHb. OcoOauBOi
MOMYJISIPHOCTI  HAaOyJIM TPaHCBEPCAIBHO-130TPOMHI MaTepialid, BIACTHBOCTI SIKUX
3MIHIOIOTBCSI B OJHOMY HAmNpsAMKYy, 3aJUIIAIOYUCh HE3MIHHMMH B TUIOUIWHI,
NEPHEHAUKYJIAPHIA 10 HpOro Hampsmy. Taki Marepianu €(peKTUBHO IMITYIOTh peabH1
1HXKEHEPHI CUCTeMH, 30KpeMa I1apyBaTi KOMIIO3UTH Ta apMOBaHi CTpyKTypHu. BomHouac,
Ha MpaKTHUIl B TaKMX Marepiajgax MOXKYTh BHUHUKATHU TPILIMHHU, BKIIOYEHHS Ta 1HII
nedeKTH, 10 3HaYHO YCKJIAHIOE aHATI3 iX MIIIHOCTI Ta HAIIHHOCTI.

AKTYanbpHICTh JOCIHIJKEHHSI TaKOX 3yMOBJIEHA MOTPEOOI0 y BUCOKOTOYHOMY
MaTeMaTUYHOMY MOJICITIOBAaHHI B MPAKTUYHHX 3aJja4ax MEXaHIKu AeOpPMOBAHOTO Tinia 3
ypaxyBaHHSM pealbHUX YMOB €KCIuTyaTallii. 30Kpema, 3ajadi Mpy>KHOCTI IJis TiT 13
TpilIMHAMYU MAIOTh HaJ[3BUUATHO B)KJTMBE 3HAUEHHS JJIs1 POTHO3YBAHHS Ta 3aMI00ITaHHS
pYWHYBAHHIO KOHCTPYKIi. ¥ 0ararbox BHMaJKaX HAsABHICTh TPILIMH HECE KPUTHYHY
3arpo3y ISl IUJIICHOCTI CHUCTEM, 1 MOJICNIIOBAaHHS iX BIUIMBY MOTpeOye edeKTUBHHX 1
TOYHUX MATEeMaTUYHUX METO/iB. BUBUEHHS TpaHCBEPCAIbHO-130TPOITHUX MaTepiajiB 13
TPIIMHAMH, OCOOJMBO y CKJIQJIHUX TEOMETPHUYHUX KOHQITYypalisx (HampuKiIaj, Mpu
HAsBHOCTI KUIBKOX TpIIIUH a00 MEepIOAUYHUX CHUCTEM TPIMIMH), AO0CI 3aJIUIIAETHCS
OJIHIEI0 3 HaMMEHII JOCIHIKEHUX, aje€ HaJA3BUYalHO BAXIMBHUX HpoOieM Teopil
PY>KHOCTI.

Kpim Toro, maremarnuHe OOIPYHTYBaHHS MOOYJOBaHUX PO3B’SA3KIB, 30KpeMa
JOCTIKEHHST X Oa3MCHOCTI, € KIIOUOBHM €TaroM y 3a0e3nedeHHi SK TEOPETHYHOl
CTPOroCTi, Tak 1 TMPaKTHUYHOI JIOCTOBIPHOCTI OTpUMaHuUX pe3yibTaTiB. CydacHi
00YHMCITIOBANIbHI TEXHOJIOT1I J03BOJISIIOTH pPEaji3yBaTH YUCEIbHO CKIJIAJIHI aHaJTITUYHI
MOJIEJIl, OJIHAK JIMIIIE Ha/J1iiHI MaTeMaTUYH1 OCHOBH MOXKYTb 3a0€3[1€YUTH IPABUIBHICTh

pe3yibTaTiB MoJenoBaHHs. ToMy pPO3BHUTOK BIJMOBIJHOTO MaTEeMaTUYHOIrO arnapary,
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noOy7i0Ba TOYHUX PO3B’S3KIB, a TAKOXK YHCENbHA Bepudikallis — yce 1me ¢GopMmye
KOMIUIEKCHY JOCTIAHUIBKY TIporpaMmy, IO Ma€ BeIUKE 3HAYeHHS SK IS
(byHIaMEHTAJIbHOI, TaK 1 MPUKIATHOI HAYKH.

3B’A30K p00OTH 3 HAYKOBUMM NPOrpaMaMu, JiaHaMu, TeMaMu. J{uceprarriiina
po0oTa € YaCTUHOIO JOCTIIKEeHb, B IKMX aBTOpP OyB BUKOHABIIEM, 1 K1 TPOBOJIUIMCS Ha
Kadenpl BUIIOI MAaTEMaTUKHA Ta CUCTEMHOro aHajuizy HailoHaJbHOro aepoKOCMIYHOTO
yHIBepcuTeTy «XapKiBChbKUi aBiariitnuii yHiBepcute™» B 2021 — 2023 pp. 3a Temoro:
«P0O3BUTOK Ta 3aCTOCYBaHHS MaTEMAaTUYHUX METOJIIB TOCIIDKEHHS MTPUKIATHUX 33129,
HoMmep gaepxkpeectpamii No 01220201064, 1 B 2024 p. 3a temoro «Po3BuTOK Ta
3aCTOCYBaHHA KOHCTPYKTHMBHUX MaTe€MaTHYHMX METOJIB pO3B'sI3aHHA MPUKIAJIHUX
3agau» Homep Jaepxpeectparii Ne 0124U001351 mig kepiBHMIITBOM Ipodecopa
kadeapu, nokropa (Hi3uko-MaTeMaTUYHUX HayK, podecopa, 3aciIy>KeHOro MpaIrliBHUKA
ocBiTH YKpainu, naypearta JlepxkaBHoi mpemii Ykpainu B ramysi ocBitu HikonaeBa
Onexcia ['eoprifioBuya.

Meta Ta 3apaui aocjigkeHHsi. MeTo AucepTaiiifHoi poOOTH € MOJaIbIINAN
PO3BUTOK arapary y3arajibHeHoro Merony ®yp’e (YM®) Ha aeski Kjiacu 3aaad Teopii
IPYXKHOCTI 1711 0araTto3B’s3HUX  TPAHCBEPCATBHO-130TPOMHUX  TUI, OOMEKEHUX
KOOPJIMHATHUMHU TOBEPXHSIMHU CTUCHYTHX CQEepoiTalbHUX CHCTEM KOOpIWHAT,
3aCTOCYBaHHS 1IbOTO amapary s MOoOYy/I0BH aHAMITHYHUX a00 aHaTITUKO-YHUCEIbHUX
MOJEJIe HAMPY>KEHOTO CTaHy TAKUX TIJ, MapaMEeTPUYHUM aHaJi3 1 YUCeIbHa peani3alis
oTpuMaHux mMojened. OCHOBHUMU 3a/ladyaMu JOCTIIPKEHHS €:

I. JloBenieHHa 0a3eCHOCTI CHUCTEMHU BICECUMETPUYHHUX PO3B’S3KIB PIBHSHb
pIBHOBaru B TEPEMIIICHHSIX TPaHCBEPCAIbHO-130TPOMHOTO CTHUCHYTOTO cdepoina i
IPOCTOPY 31 CTUCHYTOIO chepoilaibHOI0 MOPOKHUHOIO.

2. OTpumaHHST HWXHUX OIIIHOK MOAYJTIB BHU3HAYHUKIB PO3B’SA3yBaJbHUX
CHUCTEM TepIIoi Ta Jpyroi KpaloBUX 3agad JUisl TPaHCBEPCATBbHO-130TPOIHOTO
CTUCHYTOTO cdepoiga 1 HpPOCTOpPy 31 CTUCHYTOW CQepoifaibHOK MOPOKHUHOIO,

BCTAHOBJICHHS KJIACIB PO3B’SA3HOCTI IIMX 3a7a4 3BUYaHUM MeToJIoM Dyp'e;
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3. OTpuMaHHS HOBUX TEOPEM [OJABaHHS ISl BICECUMETPUYHUX Oa3MCHUX
PO3B’SI3KIB PIBHSHb PIBHOBarM B IMEPEMIIICHHSAX JJISI TPaHCBEPCATbHO-130TPOMHUX
CTUCHYTHUX C(EpOi/iiB, IEHTPH SKUX JIOBUIBHO 3CYHYTI B3JIOBX OC1 CUMETPIi.

4. MopenioBaHHsS ~ HaNpy»XeHOro  CTaHy  TPaHCBEPCaJbHO-130TPOMHOTO
CTUCHYTOTO cdepoina 31 CTUCHYTOIO C(hepoilalbHOI0 MOPOKHUHOIO, HA OCHOBI SIKOTO
IPOBEJICHHA NapaMETPUYHOIO aHAJI3y HAalpy>KeHb y BHIIAJIKY, KOJIH MOPOKHHHOK €
KpYyroBa TPilrHa.

5. JlocnikeHHs 3a7a4l PO Hanpy>KeHUW CTaH TPaHCBEPCAIbHO-130TPOIHOTO
IPOCTOPY 3 BOMA MapajelbHUMU KPYTOBUMU TPIILIMHAMM.

6. [TocTaHoBKa Ta po3B’sI3aHHA 33/1a4 PO HANPYKEHHM CTaH TPAHCBEPCAIBHO-
130TPOITHOTO MPOCTOPY 3 MEPIOAUYHMMU CUCTEMaMHU (TaKeTaMHu) MIOCKUX KpPYTOBUX
TPIIIMH 1 AHTUTPIIIUH.

O0’ekT a0CHiTKeHHS — HamnpyXeHo-IehOpMOBaHUN CcTaH OaraTo3B’sI3HHUX
TPaHCBEPCAIBHO-130TPOMHUX TIJA CKJIAJHOI HPOCTOPOBOI CTPYKTYpPH, IO MICTATh
T€OMETPUYHI HEOHOPIMHOCTI y BWIJISAI TPINIUH, CHCTEM TPINUH ab0 aHTHUTPIIIUH,
PO3MIIICHUX Y PI3HUX KOHDIryparsix.

IIpenmer focaigxkeHHsi — MaTeMaTHYHI MOJENI HANpPYXEHOTO CTaHy
TPaHCBEPCAIBHO-130TPOITHUX T1J 3 TPIIIMHAMH, TOPOKHUHAMHU Ta BKIIOYCHHSIMU TIEBHOT
dbopmu, a TaKOXK METOU TOOYI0BU, aHAJI3Y 1 KOMITIOTEPHOI peasti3allii TAaKUX MOJACIICH.

Metoau pociaimkeHHss. OCHOBHMM METOJIOM Yy JUCEpTaliiHIA poOoTI €
y3aranbHeHuil Meroa Dyp'e, mMaTeMaTUYHUN amapaT SKOro OTpUMaB Yy poOOTI
NOJaNbIIOro po3BUTKY. [lpu noBeneHHI 0a3MCHOCTI PO3B'A3KIB CUCTEMHU PIBHSIHb Yy
NEPEMIMICHHSIX TPAaHCBEPCATBHO-130TPOIMHOTO CTHCHYTOTO cdepoiga 1 ImpocTopy 31
chepoinaabHOI0 MTOPOKHUHOK BUKOPUCTAHO 3BUYaiiHuN MeTon Dyp'e. [Ipu oTpumanHi
HUKHIX OI[IHOK MOJYJIB BU3HAYHHKIB PO3B’SI3YBAIILHUX CUCTEM JIJISl TIEPIIOT Ta APYroi
KpaloBUX 3a7]a4 B YKa3aHUX BUIIE O0JACTSIX BUKOPHCTOBYBABCS METO] CIEIIabHUX
¢bynkuiid. [Tpu goBeaeHH1 (PpearoabMOBOCTI OmepaTopiB poO3B’SI3yBAIBHUX CHCTEM Y
PO3IMIAHYTUX 3aJladyaX BUKOPUCTOBYBAJIMCS METOIM (PYHKIIOHAJIBbHOrO aHamsy. s
YUCENBHOI peani3zallii 3amporoHOBAaHUX MOJIENIEH 3aCTOCOBAHO METOJ PEAyKIIil

PO3B’A3aHHSI HECKIHUEHHHUX CUCTEM JIIHIHHUX anreOpaiyHuX piIBHIHb.
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HaykoBa HOBU3HA qucepTaliiiHOI POOOTH MOJISTa€ B HACTYIIHOMY:

VY naucepramiiiHiii poOOTI OTpUMaHO HHM3KYy HOBHUX peE3yJbTaTiB, IO MarOTh
TEOPEeTUYHE Ta MPUKIIATHE 3HAYCHHS IS PO3BUTKY TEOPii MPYKHOCTI TPAHCBEPCATBHO-
130TpOIMHUX Ti1. 30Kpema:

1. OTpumaB noJaibIIMi PO3BUTOK amapar y3arajibHeHoro Meroay dyp'e, 1o
MOJISITAa€ 'y HACTYMHOMY: BIHEpIlE JOBEIECHO Oa3UCHICTh CUCTEMH BICECUMETPUYHHUX
pPO3B’s3KIB PIBHSHH pIBHOBard B TIEPEMINICHHIX TPAHCBEPCAIBHO-130TPOITHOTO
CTUCHYTOTO c(hepoina 1 MpocTopy 31 CTUCHYTOIO C(PepoiabHOI MOPOKHUHOIO.

2. Ha ocHOB1 Bhoepiie OTpUMAHMX HWXKHIX OLIHOK MOAYJIB BH3HAYHUKIB
PO3B’A3YBAIBHUX CHUCTEM TMEPIINX 1 JAPYTUX KpaloBUX 3ajad i TpaHCBEpCaIbHO-
130TPOMHOTO CTUCHYTOTO cdepoiga 1 MPOCTOPY 31 CTUCHYTOW cdepoinaibHOIO
MOPOKHUHOIO BCTAHOBJICHO KJIACH PO3B’A3HOCTI IUX 3aja4 3BUYaifHuM MeToaoM Dyp'e.

3. OTpuMaHO HOBI TeOpeMH [OJaBaHHS JUIS BICECHUMETPUYHHMX Oa3MCHUX
CTUCHYTHX C(epoigalbHIX PO3B'SA3KIB y BUMAIKY, KOJH MOYATKA CHCTEM KOOPAMHAT
JOBLIBHO 3CYHYTI B3JIOBXK OCi CUMETDIi.

4. Bnepmie oTpumaHo mapaMmMeTpuyHy ~MOJENb  HANpYyXEHOTO  CTaHy
TPAHCBEPCAIBHO-130TPOITHOTO CTUCHYTOTO cdepoina 31 CTUCHYTOIW cdepoinaabHOI0
MOPOKHUHOIO, Ha 0a31 sIKOT MTPOBEICHO KOMIT' FOTEPHE MOJICTIOBAHHS HAMIPY>KEHOTO CTaHy
CTUCHYTOTO c(pepoily 3 KpyroBOIO TPIIIUHOIO.

3. Bnepme 3a pomomoror ysaraibHeHoro werony PDyp’e mociikeHO
HAIPY>KEHUH CTaH TPaHCBEPCAIbHO-130TPOITHOTO TIPOCTOPY 3 JIBOMa KPYrOBUMU
TPIILIMHAMH.

6. Brnepiie moctaBieHo 1 po3B’SA3aHO 3a4adl PO  HAMPYXEHUH  CTaH
TPaHCBEPCAIBHO-130TPOIHOTO TPOCTOPY 3 PI3HUMU KOHQDITyparisMu MepioguIHuX
cucTeM (TMaKeTIB) MIIOCKUX KPYTOBUX TPIIIUH 1 aHTITPIIIKH.

IIpakTu4yHe 3HAYEHHS OJeP:KAHUX pe3yJbTaTiB. Pesynbpratl AucepraimiitHoro
JOCIIDKEHHS MAaroTh 3HAYHE IPaKTHYHE 3HAYCHHS B KOHTEKCTI MAaTeMaTHYHOTO
MOJICJIIOBaHHSI TOPUCTHUX 1 KOMIIO3UTHHX MAaTeplajiB, pO3paxyHKy MIIIHOCTI Ta
IH)KEHEpHOT'O0 ~ aHajli3y eJEMEHTIB KOHCTPYKIIM 3 TpaHCBEPCAIbHO-130TPOITHUX

MarepiajiB. 3aCTOCYBaHHS OTPUMAaHUX AHATITUYHHUX PO3B'S3KIB 103BOJISIE €(HEKTUBHO
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OMHCYBATH PO3IOLT HANPYKEHb y 30HaX 1X HAWOLIBINOI KOHIIEHTPAIT1, 10 € KPUTUIHO
BKJIMBUM JJIsI OLIIHKHM HQIIMTHOCTI Ta JOBIOBIYHOCTI MaTepiajiB i BUPOOIB.

1. OTpumaHi1 TOYHI PO3B’SI3KM MOKYTh OYTH BUKOPUCTaHI K €TAJIOHHI TPH
TECTyBaHHI Ta BepudiKallii YMCeTbHUX METO/IIB, 30KpEMa METOy CKIHUCHHUX CIICMCHTIB
Ta METOAY TPAaHUYHUX €JIIEMEHTIB, Y MporpaMHOMY 3a0e3leyeHHl I MEXaHIKU
neOpMIBHOTO TBEPJOTO Tija.

2. OtpumaHi MoOzeNi HaIpy>KeHO-Ae(OPMOBAHOTO CTaHy TPaHCBEPCATHHO-
130TPOMHOT0 TPOCTOPY 3 TPIIMIMHAMH MOXYTh OYTH BIPOBAKEHI B CHCTEMH
IHKEHEPHOr'0 aHajli3y NpPH po3paxyHKaxX KOHCTPYKUIN 3 MOTEHIIHHUMHU AePEKTaMHU:
aBlaIlifHUX JeTajel, KOPIyCiB armapariB, €JIEMEHTIB MaIIuH Ta OyI1BEJILHUX CTPYKTYP.

3. [IpakTruHe BUKOpUCTaHHS KOoe(ili€HTIB iHTeHCUBHOCTI HanpyxeHb (KIH),
OTPUMAaHUX y pOOOTI, TOB’SI3aHO 3 THUM, IO MEBHI KPUTEPIi PO3BUTKY TPIIIUH B TEOPii
pyiiHyBaHHs 6a3ytoThcs Ha 3HaYeHHAX KIH Ha mexi TpimmHu.

4. BaxnuBuMH € pe3ylbTaTd KOMIT'FOTEPHOIO MOJEIIOBAHHA B  YCIX
PO3TIIIHYTUX 3aja4aX, OCOOJMBO JIOCHI/DKCHHS B3a€EMHOTO BIUIMBY JIEKUIBKOX
KOHIIEHTPATOP1B HANPY>KeHb OJIMH Ha OJTHUH.

OTxe, pe3ynabTaTu AWcepTaiii MOXyTh OyTH Oe3mocepeqHbO BUKOPUCTAHI B
1HKEHEPHIN MpaKTHIll, B HAYKOBO-JOCTIIHUX YCTAaHOBAaX 1 HaBYAJIBLHOMY IPOIIEC] MPHU
HIArOTOBUI (PAaxiBIIB y Taly3dX MPUKIATHOI MaTEMaTUKH, MEXaHIKU Je(OpMiIBHOTO
TBEPJIOTO TUJIa Ta KOMII FOTEPHOT0 1HXXEHEPHOTO aHaATI3Y.

Anpobanisi pe3yabTaTiB aucepramii. OCHOBHI TOJOXXEHHS JUCEPTAIlIMHOL
po0OOTH AOMOBIIANKCS HA KOHPEPEHIIAX:

o MixHnapoaHa HaykKoBo-TipakTuuHa KoH(epeHiis «Hayka, ocBita, Gi3Hec:
CydYacHi1 BUKJIMKH Ta CTAINN po3BUTOK», MykaueBo, 30.03.2023 p.

Hikomaes O.I'., Kpaitnuuenko A.C. Mojens HampyXeHOro CTaHy B
TPaHCBEPCAIBHO-130TPOIMTHOMY Marepiajai 3 JBOMa KOHIIEHTpaTOpaMU HampykKeHb
//361pHUK Te3 JOmOBiAeH 3a wmaTepiadzaMu MDKHApOIHOT HAyKOBO-TIPAKTUYHOT
koHpepenuii «Hayka, ocita, Oi3Hec: Cy4yacHI BUKIHUKH Ta CTaludl PO3BUTOKY,

Myxkaueso, 30.03.2023 p. C. 81 — 82.
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o International conference «Mathematic problems of the technical mechanics.
Annual scientific conference MPTM 2024y, September 17-19, 2024, Dnipro, Ukraine:

Nikolaev O.G., Krainichenko A. S. Some problems for transversaly isotropic space
with periodic crack systems // International conference «Mathematic problems of the
technical mechanics. Annual scientific conference MPTM 2024», September 17-19,
2024, Dnipro, Ukraine, Book of Abstracts. Part 2, 147 p

o l11-a MixnapoaHa HaykoBa KoHpepeHuis «MareMaTuyHi mpooieMu
MEXaHIKU HEOTHOPITHUX CTPYKTYp». JIbBIB, 2024:

Hikonae 0., Kpaiinnuenko A. IlepioguyHi cHUCTEeMH aHTUTPILIUH Y
TPaHCBEPCAIBHO-130TPOMMHOMY  mpocTopi // MarematuuHi nOpoOieMu MEXaHIKU
HEOJHOPIAHUX CTPYKTYp: 30IpHUK HaykoBuUX mpainb 11-i MixHapoaHoi HayKoOBO1
koHpepeniii / 3a 3ar. pea. P.M. Kymmnipa i FO.B. TokoBoro // JIbBiB: IHCTHTYT
NpUKJIaAHUX MpoosieM mexaniku 1 matematuku iM. A.C. Ilinctpuraua HAH Ykpainu. —
2024. — Bun. 6. P. 87.
http://iapmm.lviv.ua/mpmns2024/materials/mpmns2024 _S0213.pdf

Iyoaikanii. Matepianu gucepTailii JOCUTh MOBHO BUKIAJEHO y 6 HayKOBHUX
mpaisx aBTopa 3a TEeMOK JUcepTallii, y ToMy 4ucii: 3 ctaTi B (axoBUX HAYKOBUX
BUJaHHAX YKpainu (kareropis b), ingexcytorbes: ICI Journals Master List, Ulrich’s
Periodicals Directory (NewlJersey, USA), Crossref, Google Scholar, Index Copernicus; 3
TE3U J0TMOBiAeH KOH(EpeHITiH.

Ctpykrypa i 00’em aucepraniiinoi podoru. /[ucepTrariiss MiCTUTh BCTYM, IIICTh
pO3/iIM, BUCHOBKH, CITMCOK BHKOpPHUCTAaHUX JKepel. [lopHuit 00’em mucepramii 137
CTOPIHOK, Y TOMY 4YHCIl 14 CTOPIHOK CIHCKY BUKOPUCTaHUX JKepen y KulbkocTi 143

HallMEHYBaHb.


http://iapmm.lviv.ua/mpmns2024/materials/mpmns2024_S0213.pdf
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PO3JILT 1

AHAJII3 CYUYACHOT'O CTAHY IPOBJIEM JESKUX 3AJIAY TEOPII
HPYXKHOCTI JJIA TPAHCBEPCAJIBHO-I3OTPOITHUX TLJI

VY ramy3i MexaHIKM MarepiajiB 1 Teopii MPY>KHOCTI, JOCHIKEHHS Ta aHaji3
NOBEAIHKU TPAHCBEPCAIBLHO 130TPOMHUX T1I € BAXKJIMBOIO TEMOIO, SIKA 3HAXOIUTh ILINPOKE
3aCTOCYBAHHS y BEIUKIN KITBKOCTI IH)KCHEPHUX Ta TEXHIYHUX TUCIUILIIH. JloCimKeHHS
Ta aHaji3 1€l TeMU € KIIOYOBUM JUJISl PO3YyMIHHS Ta mependadyeHHs nedopmariiiii ta
HaAIPy>KeHb B TAaKMX MaTepiaiax.

JlocnmipkeHHsT TUTaCKWX, TPUBHMIPHHMX 3a/lad Ta 3ajJad y TpaHCBEPCAIbHO
130TPOMHUX TilaX MAaOTh 3HAYHE 3HAYCHHS B Cy4acHIM MeXaHiIl 1e(OopMOBaHHUX T

Ha mouatkoBomy eTami po3BUTKY B JaHii 00JacTi KIOYOBI poOOTH HaeKaln
Timomenko C. I1. 1 T'ymiep [lx. H. [1-3]. Bouu 3aknanu dysgameHT s 6aratbox
pO3po0OK. AJle NedKl iX METOJMKHM Ta MNpUIyLIeHHS Oynu OOMEXEHI KIACUYHUMU
JTIHIAHAMA MOJCIISIMH, III0 MOTJIO HE BPaXOBYBATHU JESK1 HEIIHIMHI SIBUIIIA.

TpancBepcanbHa 130TpoIis, sSika € OCOOJMBUM BHUIIQJKOM aHI30TpoOMii, craja
BYKJTMBOIO JJISI TOCHIITHUKIB y cepenuti XX cromtrs. Pobotn AmbGapuymsn C. A. [4-5]
3'SIBUJIMCS CEpel TIEPIINX, XTO 3BEPHYB yBary Ha 0COOJIMBOCTI Ta JTUHAMIKY Jedopmartii
y TaKuX MaTepianax. Aje 11 JOCTiHKEHHS YacTo 0a3yBaaucs Ha JIHIMHUX MOJEIAX, SKI
HE 3aBXK/IU JO3BOJISIIA OTPUMATH JJOCTOBIPHUIA PE3yibTaT.

[Tonaneimuit po3BUTOK Teopii 3a0e3neumnu: Bower A. F. [6-8], skuii nocaipkyBaB
noBeAIHKY miuacTuuHuX naedopmaniii; Hashin Z. [9-11], skwmii 30cepemxyBaBcs Ha
MOIIKO/PKCHHSAX Ta iX BIUIMBI HAa MAaKpPOCKOIIYHI BiacTuBOcTi; Boresi A.P. Ta
Schmidt R. J. [12-14] B nocmipKeHH1 BUCOKOETACTUYHUX MaTepialiB.

BaxiiMBUM JOMOBHEHHSM O JOCHIIKEHbL B Il o0macTi crtamm poOoTH
Kachanov M. [15-18 | 3 MexaHiku pyiiHyBaHHSI.

Saada A S., y cBoiii po0OoTi [19], mpe3eHTyBaB IIUPOKUI CHEKTP ACIEKTIB TE€OPii
MPY>KHOCTI, BKIIFOUAIOYM PIMICHHS JJI1 TPAHCBEPCAJIbHO 130TPONHHUX MAaTeplajiB, MpHU

I[bOMY aKIIEHTYIOud yBary Ha iHterpaibHux metonax. Chou P. C. 1 Pagano N. J. B [20]
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PO3IIIA1aIu p13HI METOAM TEOPIi MPYKHOCTI ISl aHI30TPOIIHUX MaTepiaiiB, B TOMY YHCI1
TpaHCBEPCAIBHO 130TPOIMHUX, 30CEPEIKYIOUUCh HA MATPUUHHUX 1 TEH30PHUX METO/IaX.

Tsai S. W. B poborax [21-23] 3ocepemkye CBO€ MOCHIIKEHHS Ha JU3aiH
KOMITO3UTHHUX MaTepiajiB, /e BeJIMKa yBara MpUAUIIE€ThCS TPAHCBEPCATBEHO 130TPOTTHIUM
BJIACTUBOCTSM. BiH BUKOPHUCTOBYE METO/IM CKIHUEHHUX €JIEMEHTIB JJI pO3pPaxyHKIB.

B pob6oti [24] Heng Liu Ta Ernian Pan npencraBunm HOBHM MiaXia i
PO3B’s3aHHS 3MIMIAHOT KPAaOBOi 3a7a4i MK TBEPAUM LUIIIHIPOM 13 TUIOCKUM KIHIIEM 1
TPaHCBEPCAIIBHO-130TPOIMHUM  IIApyBaTUM HamiBIpocTopoM. BiH 3acHOBaHuN Ha
BIJIITOBITHOMY IIPSIMOMY PO3B’SI3aHHI KUIBKOX PIBHOMIPHUX BEPTUKAJIbHUX HABAHTAKEHb
y TO€AHaHHI 3 METOJIOM CYIEpHOo3ullli 3a JOMOMOIOK I1HTETPaJbHOTO MiJIXOY
HaWMEHIITUX KBaJIpaTiB.

Pepomomiitna pobota A. A. Griffith, [25] omy6mikoBana y 1921 pori, Bnepie
chopMyTrOBaJIa OCHOBHI IPUHITAIIK MeXaHIKH TpimuH. [ poboTa 3ymMoBuUiIa CTBOPEHHS
HOBOI'O HaIpsIMKY JOCIHIJIKEHHS, ajie 3 IUIMHOM 4acy JAeski 3 ii MeTol1B noTpeOyBaiu
yrouneHHsa. Irwin G. R. [26-29] y 1957 pomi posmmpuB Tteopito Griffith A. A.,
BBEJCHHSAM KoedillieHTa IHTEHCUBHOCTI HANPY>KEHb, 110 J03BOJIUIO OTPUMATH TJIHOIIIe
pPO3yMiHHS OWHAMIKM TPIMIMH y MaTepiasiax. MexaHika TPIIMH cTaja KIHOYOBOIO
obnacTio BUBYeHHS miciisa pooiT [rwin G. R., sxuii po3poOrB KOHIEMNI[I}0 IHTEHCUBHOCTI
HAalpyXeHb OIS BepIIMHM TPINMHM. MOro WiAXin OCHOBYBaBCS Ha JIiHiiiHif
€JIACTUYHOCTI, 10 OOMEXyBajO0 HOro 3acTOCYBaHHS B CHUTyallsiX 3 HEJIIHIMHUMH
MarepiajiaMH.

3 MOsIBOI0 HOBHMX MarepiajiB Ta 301UIbIIEHHAM iX CKJIAJHOCTI 3pociia morpeda B
JOCIIIKEHH1 TPIIIMH y TpaHCBepcaibHO 130TponHuX Marepianax. Erdogan F. 1 Sih G. C.
[30] y 1963 pori npeacTaBUaM OJHY 3 HEPIIUX POOIT, MPUCBIYEHNX Il mpobiemi. Ix
migxig OyB mizHime po3BuHenuin Delale F. Ta Erdogan F. [31-34] y 1983 pomi, ski
3BEPHYJIM YBary Ha TPIIIUHU B HEOTHOPITHUX MaTepiajax.

Rice J. R. [35-39] npexacTtaBuB iHTErpaJbHUM MiAXiA 10 aHaIi3y HANpy>XeHb Ta
nedopMariiii O TPINIUH, 110 J03BOJIWIO OI[IHIOBATU TPIIMHOCTIMKICTh MaTepiajiB Ta

KOHCTPYKIIiif HA HOBOMY PiBHI.
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Barenblatt G. 1. [40-43] akTMBHO BHUKOpPHUCTOBYBAaB KOHIEMIIO MOIIOHOCTI IS
OMKCY PO3MOJAUTY HampyXeHb Yy TPILUIMHI, SKa [T03BOJWIA HOMY OTpPUMATH HOBI
aHaJIITUYHI PO3B'3KM B MEXaHIL TPIIIMH Ta 3pOOUTH BHECOK Y PO3YMIHHS L1€1 BaXKJIUBOI
npoOIemMu.

James W. Hutchinson € Bimomoro diryporo B 00jacTi MexaHIKH pyHHYBaHHS, 1
J0ro BHECOK Y BUBYEHHS TPILLIUH € 3HaUyIUM. B 0/1Hii1 3 floro BiioMux po0iT, HAlMCaHO1
cuimbHo 3 J. R. Rice [44], BOHM TIpeACTaBMJIM HOBUM IHTErpayi, SKUH €
nuigxoHe3anexxHuM. g pobora Oyna cripsMoBaHa Ha aHalli3 KOHILIEHTpalli AedopMariii
Outst HaapiziB Ta TpimmH. Hacrynmna BaxiauBa poOota [45] posrisjgae MOBEAIHKY
Marepiajly B KiHIIEBIA YacTHHI TPIIIMHH, OCOOJIMBO B MaTepiami, KU 3MIITHIOETHCS.
HonarkoBo, B po6oTti [46] Hutchinson nocnimxye, ik MIKPOTPILIMHU MOXKYTh BIUTUBATH
Ha MOBEMIHKY TPIIUHU. TyT BIH PO3TISAIAE SIBUIIE, KOJU MAJICHBKI TPIIIIMHKA B MaTepiaii
BIJIBOJISITH Bij] ceO€ HANPYKEHHS B1J1 OUIBIIOT TPIITAHMU, III0 MOXKE BIUIMHYTH Ha 3araJIbHY
MIIHICT, Matepiaily. Y poOoTi [47], HOCHIIKY€eTbCs, SIK TeOMETpis Ta CTPYKTypa
TpPaHCBEPCAIBHO 130TPOITHUX MaTepialliB MOKE BIUTUBATH Ha picT TpimmH. OcoOIMBO BiH
30CEePEIKYEThCA HAa TOMY, SIK Pi3HI peXuMU Jedopmarlii BIUIUBAIOTh Ha TOBEIIHKY
TPIIIMH B MapyBaTHUX MaTepiaiax.

Onniero 3 ocHoBHUX poOiT C. I'. Jlexuunupkuii € [48]. ¥V 11l KHU31 BiH pO3TJIsiaae
PI3HOMAaHITHI MPOOJEMU NPYNKHOCTI AHM3OTPONHUX IIJIACTUH, 30KpemMa MpoOJieMH,
MOB'A3aH1 3 HASBHICTIO TPIIIUH. BiH MpornoHye mMaTeMaTU4dHi MOJENI JJIsl PO3PAXYHKY
MOJTIB HAIIPY>KEHb Ta ieopmMaIliiii HABKOJIO TPIIIKH y TaKuX miactuHax. OcoOIuBYy yBary
OPUAUIAETECA BUMNAAKaM, KOJM TpillMHA a00 1HIIA HEOAHOPIJHICTH PO3TAIIOBAHA B
IJIACTHUHI TAKUM YMHOM, IIIO B3a€EMOJIIE€ 3 KpasMH a00 1HITUMHU HEOTHOPIAHOCTAMH. [HIIm
BOXJMBI pobotup [49,50], IOCHDKYIOTh 3arajbHi MpPOOJEMHU MPYNKHOCTI s
AHU30TPOITHUX T1JI, BKIIFOYAI0YH TPAHCBEPCATIHHO 130TPOIIHI.

George C. Sih mpairtoBaB y JeKUJIBKOX KIIFOUOBUX HAMPsIMKaxX B Taly3i MEXaHIKH
pyiHYBaHHS 1 MEXaHIKHM TPIIUH. Y poboTax, Takux sk [51-54], BiH 30cepeKyBaBcs Ha
BHUBUYEHHI POCTY TPIIIMH, HAMPY>KEHI KOHIEHTpaLii OUTS TPIIMH Ta MEXaHILl TPILUH
Opy  pI3HUX yMOBaxX HABAHTAXKEHHA. BHUKOPHUCTOBYIOUM TEOpII0 1HTEHCHUBHOCTI

HaAIpy>kKeHb 1 MaTEMaTUYHE MOJIETIOBaHHs, Sih po3po0iasB Moje ISl MPOTHO3YBAHHS
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pOCTy TpIIIMH 1 iX BINIMBY Ha MILHICTh MarepiaiiB. [HIIMI BaXJIMBHI HampsM HOro
JOCIIDKeHb CTOCYBaBCSl aHI30TPONMHUX MatepianiB. B pobGorax [55,56] Sih G. S.
JOCIIIIKYBaB 0COOJIMBOCTI aHI30TPOITHUX MATepIajliB 11X peakilito Ha HABAHTAKEHHS, 1110
OPU3BOIUTL JI0 POCTY TpPIMMH. 30KpeMa, BIH BHUKOPHUCTOBYBAaB MaTEeMaTU4YHE
MOJICTFOBaHHS Ta €KCIIEPUMEHTAJIbHI METOIU JIJIs aHai3y aHI30TPOIHUX MaTepialiB, ix
BIJINOBI/I1 HA HABAHTAXXCHHS Ta PyWUHYBaHHS.

John F. Knott akTHBHO 3acTOCOBYBaB pI3HOMAHITHI METOIM Ta TEXHIKH IS
aHaNi3y TpillMH Ta pyiiHyBaHHs B MaTtepiamax. Moro poGorw, Taki sk [57-59],
B1100pakatoTh HOro MOTrJIMOIEHUM MiJIX1]] 4O BUBYEHHS IILOTO (DEHOMEHY.

Knaura [60] manucana Ted L. Anderson € oaHi€ro 3 HalHOIBIIT aBTOPUTETHUX Y
CBOiM Tany3i. B poOOTI BUBYAIOTHCS OCHOBHI KOHIIEMII Ta MPUHIMIN MEXaHIKU
pyWHYBaHHS, Taki SK C€HEPreTHYHMHA MiAXiA A0 pyHHYBaHHS, BBEJCHHS MapaMmeTpa
IHTEHCUBHOCTI HaINpy»XEHHS Ta 1H.

Nairn J. A. B poborax [61-63] 30cepenuB yBary Ha CHUMYJISLII HONEPEYHOTO
pyWHYBaHHS B KOMITO3UTaX. BUKOPHUCTOBYIOYM MOJIENIb KOTE€3UBHOI 30HU, BIH JOCITIANB
JUHAMIKy TpPIIIMH B TpaHCBEPCAJbHOMY HAIpsSMKy B MaTepiajgax 13 BOYJOBaHUMH
BOJIOKHAMH.

Po6ora [64] mpucBsiueHa JOCTIKEHHIO TI0CKOT 3a1a4i aH130TPOITHOTO MaTeplay
3 TpimuHaMu. J[71s oTpMaHHS KOMIIOHEHTIB HAPyTy BUKOPUCTOBYEThCs MeToa Dyp’e.

B po6orax [65-67] meTomom Dyp’e po3BA3YIOTHCS 3a7adi I TPAHCBEPCATHHO-
130TPOIHOTO MPYKHOT'O HAIIBIPOCTOPY.

VY mpawsx Kpuoro O. @. [68-71] 3a 10NOMOror0 METONY IHTErpaibHUX
nepeTBOpEHb MOOYJ0BAaHO TOUHE PO3B’SI3aHHS 33124l PO KPYyTroBy MikdaszHy TPIILIUHY B
apyBaTOMy TpPaHCBEPCAIbHO-130TPOITHOMY  CEPEJOBHUIIl TiJ €0  JOBIJIBLHOTO
HAaBaHTAXXCHHS, IPUKIAJCHOrO JIO 1i MeX. BHBeACHO aHAMTHYHI BHUpa3W IS
Koe(DiIi€HTIB IHTEHCUBHOCTI HANIPYXEHb HA MEXI1 TPIIIMHM, a TAKOXK HABEJICHO YUCIIOBI
3HAUYEHHS LUX KOE(PIIIEHTIB M OKpPEeMHX IO€IHAHb TPAHCBEPCAIBbHO-130TPOIHUX
MaTepiaiB.

Buecok Octpuka B.1. Ta Vmrtka A. ®. y gochimpkeHHsS 3aaad MEXaHIKU

pyiHYBaHHS Ta Teopli NPYXHOCTI Ma€ 3HaYHUM BIUIMB HA PO3BUTOK METOJIIB aHAJI3Y
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HaIpy>KEHO-1€(POPMOBAHOTO CTaHy MarepiaiiB 13 TpimmHamu [72-75]. Metoau, ski
3aCTOCOBYIOTh aBTOPH, BKIIIOYAIOTh BUKOPUCTAHHSA IHTETPaJbHUX pPIBHSIHB, METOAY
BJIACHUX (PYHKIIIH 1 crieriadbHUX PyHKIIM MaTeMaTruaHoi ¢i3uku. L1 miaxoau 103Boaunu
iM OTpUMAaTH TOYHI PIIICHHS 3a7a4 JUIsl TPIIIUH pi3HOiI KOH(piryparlii Ta reomerpii, a
TaKOX BpPaxXyBaTH B3a€EMOJII0 TPIIIMH 13 KOHTAaKTHUMH HaBaHTaKEHHAMH. OTpuMaHi
pe3yNbTaTH, BKIIOYAOYH KOE(IIEHTH IHTEHCUBHOCTI HANpPY>XEeHb 1 (DYHKIIIT pO3MOALTY
HAIPYXKEeHb, € GyHAAMEHTATBPHUMHU JJIs1 PO3yMIHHS OBEAIHKY MaTepialiB i3 JedeKTamu.

Y Monorpadii [76] geTanbHO BUKIAJIEHO PO3POOJICHUN aBTOPOM METO]T BIACHUX
BEKTOPHUX (PYHKIIN, IKUI € MOTY>KHUM 1HCTPYMEHTOM JIJIsl aHaJI13y IPOCTOPOBHX 3a]1a4
Teopii npyxHocTi. L{eit meTon 103Bojsie ePEeKTUBHO PO3B’SI3yBaTH 3aj1aul 3 TPIIIHHAMH,
30KpeMa 3 TpIIIMHAMM CKJIagHO1 reomeTpii. I[lpans oxormioe MHPOKUA CHEKTp
TEOPETUYHUX 1 MPUKIAJTHUX ACIEKTIB, BKIIOYAIOYM PO3POOKY aHAMITHYHUX PINICHH 1
iXHIO BaJiaIlio 4epe3 YMceabHI eKCIIEPUMEHTH.

Y  wmonorpadii KirI'. C [77] BukiageHO METOAM PO3B’sA3aHHA 3a/ad
TEPMOTIPY>KHOCTI I TUT 13 TpIlIMHaMH B YMOBax IUIOCKOi nedopmarii. OCHOBHUM
IHCTpYMEHTOM € METOJI IHTerpaJibHUX PIBHAHb 1 cCHEIladbHUX (QYHKIH, SKI
BUKOPUCTOBYIOTHCS JUISI TTOOYIOBM QHANITHYHUX PillleHb. ABTOPH JOCIITUIN BIUIUB
TEPMIYHUX TOJIB Ha PO3MOJUT HAMPYKEHb Yy TUTl 3 TPIIIMHAMH, & TAKOXK BU3HAUUIIU
Koe(DILiEHTH IHTEHCUBHOCT1 HANPY>KEHb IJIs1 PI3HUX TUIIIB HABAHTAKEHb.

Po6oTa [78] mpucBsiueHa po3B’I3aHHIO OCECUMETPUIHUX 3a7a4 TEIUIOPOBITHOCTI
Ta TEPMONPYXKHOCTI i1 TUI 13 TEIJIOAKTUBHUMH ab0  TeI101301bOBAaHUMU
BKJIFOUCHHSIMH, 30KpeMa TpIilMHAMH. ABTOPH 3aCTOCYBaJld METOJl Yy3arajJbHEHUX
IHTErpadbHUX PIBHSAHB JUIA aHAI3y pO3MOJAUTY TEIJIOBHX 1 MEXaHIYHUX IIOJIB.
OcHOBHUMU pe3yJibTaTamMu € (HOpMyiIu sl HaNPy>KeHb Y 30H1 JAeEKTIB 1 3aJIe’KHOCTI
TEMITepaTypPHUX TOJIIB BiJl TeOMETPIil Ta MaTepiadIbHUX BIACTUBOCTEH BKIIFOYCHB 1 TPIIITUH

Y crarti [79] po3mIsmarOThCA 3amadl  HAMPY>KEHOTO CTaHy nis T 13
IWITIHAPUYHUMHU BKJIFOUEHHAMH Ta TPIIIMHAMU B YMOBaX IJIOCKOi Aedopmariii. ABTOpU
BUKOPHUCTAIM METOJM MaTeMaTH4Hoi (i3uku, 30KkpeMa Mmeron (ysHkui ['pina, amis
noOyZI0BH TOUHUX PIlIEHb. YBary OyJo 30Cepe/PKEHO Ha BIUIUBI TEMIIEPATYPHOTO OIS

Ha B3a€MOJIII0 BKJIIOUCHB 1 TPIIIUH.
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VY po6orti [80] po3risiHyTO 337249y HAMPYKEHOTO CTaHy HEOIHOPIAHOI IMJIACTUHH 3
TPIITMHOI0. BUKOPUCTOBYIOYM METOIU MAaTEMAaTHYHOI (D13UKH Ta y3arajJbHEHI MiAXO0IH 10
IHTErpajbHUX PIBHSAHb, ABTOPU MOOYIyBajdd aHAJIITUYHMM pPO3B’SA30K 3aj1adi JJisd
IUTACTHHY 31 3MIHHUMU MEXaHIYHUMHU BIacTUBOCTAMH. OCOOJMBY yBary MpHALICHO
BIUIMBY HEOJIHOPITHOCTI MaTepially Ha pO3MO/IiI HapPy»KEHb Y 30H1 TPIIIUHH.

Momnorpadis [81] mpucBsiyeHa BUBYEHHIO HAMNPY>KEHO-Ie()OPMOBAHOTO CTaHY
000JIOHOK 13 nedeKTaMu, TAKUMHU SK TPIIUHU YU TJIACTUYHI 30HU. ABTOpPHU JI€TAIbHO
JOCTIIWJIM TIPY>KHI Ta MPYXKHO-TUIACTUYHI 3a7adi Il MWIHAPUYHUX 1 cheprudHux
000JIOHOK, 3aIPOTIOHYBABIIIA METOANKY BU3HAUCHHS 3AJUIITKOBUX HANIPYKEHB. Y PoOOTI
BUKOPUCTAHO YHCEJIbHI METOJM, TaKl SK METOJ CKIHYEHHUX EJIEMEHTIB, JUIsl aHali3y
nedopmMariiii y 30Hax 1e(eKTiB.

VY crarti [82] pO3rISAAAIOTHCA 3AJIUINKOBI HAMpPYXKEHHS, SKI BUHUKAIOTH Y
UATTHAPUYHINA 000IOHIII 3 TPIIIMHOW. ABTOPaMH 3aIIPOIIOHOBAHO METOIMKY OITIHKH IIHX
HaIpy>KeHb, 3aCHOBaHY Ha BUKOPUCTAHHI aHATITUYHUX 1 YUCEIbHUX METO11B. OCOOIUBY
yBary MpuAUICHO BIUTUBY T€OMETPIl TPIIIMHU Ta 1i Opi€HTAIlll Ha BETUYNHY 3IUITKOBHX
HaIpy>KEHb.

Momnorpadii [83,84] mpucBsSUeHI JOCIIHKCHHIO B3a€EMO/I11 )KOPCTKUX BKIIOUCHb 1
TPIIMH Yy MPYXKHUX TijlaX. ABTOpaMU 3alPOIIOHOBAHO MOJIEN, SIKI OMHUCYIOTh BIUIMB
BKJIIOYEHb Ha PO3MOAUT HANpyXXeHb y 30HI TpimuH. OcCoOJUBY yBary mNpUALICHO
pO3paxyHKy KOe(]ill€HTIB IHTEHCUBHOCTI HAMNpPY>KEHb 1 aHai3y B3aeMojiii JAeEeKTIB
pi3Hoi KoH(irypamii. Ils poGoTa € BaXIMBUM BHECKOM Yy MEXaHIKy pYyWHYBaHHS,
0COOJIMBO Y BUBUYEHHI KOMIIO3UTHUX MaTepiaiiB.

VY crarti [85] po3risHyTO 3a7ady TPYXKHOI pIBHOBaru HEOOMEXKEHOro Tija 3
TOHKUM BKJIFOYEHHSIM. ABTOpPHU 3aCTOCYBaIN METOIU (QYHKIIIH KOMIUIEKCHOI 3MIHHOT JIJIst
noOy70BH  po3B’si3KiB  3amadi. PoOoTa 30cepemkeHa Ha aHali3l HaMpyKEHO-
ne(OPMOBAHOTO CTaHy TOOJM3y TOHKOTO BKIIOYECHHS Ta JOCHIIKCHHI BIUIUBY
MEXaHIYHUX BJIACTUBOCTEH BKIIFOUCHHS HA PO3ITOJILT HAIIPYKEHb.

[Tanacrok B. B., Caspyk M. I1., danumun A. I1 B MoHorpadii [86] mocmiaunu

PO3MOIT HANpPYX EeHb Yy TUIACTUHAX 1 000JOHKAX 13 TpimMHaMu. Y poOOTiI BUKIIAJIEHO
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TEOPETUYHI OCHOBH aHAII3y HAMPYKEHOTO CTaHy, METOAW MOOYJOBH aHATITUIHHUX 1
YHCEJIbHUX PIIIeHb JIJIS 3a]1a4 13 TPIIIMHAMHU, & TAKOX PO3TJISHYTO MPUKJIAJIHI ACTIEKTH.

PoGotu Caspyka M. I1. MatoTh pyHIaMeHTaIbHE 3HAYEHHS ISl PO3BUTKY TEOPIi
TPIIIMH 1 MEXaHIKU pyHHYBaHHS.

Momnorpadis [87] mpucBsueHa po3poOIll YHUCETbHUX METOMIB JJisd PO3B’sI3aHHS
IUIOCKUX 3a/lay Teopii TpilKMH. Y poOOTI aKUEHTYEThCS yBara Ha MeTojax MoOyJOoBH
YUCENBHUX AQJITOPUTMIB JUIsi BU3HAYCHHS HAIMpPY>KEHOTO CTaHy TUT 13 TPIIIMHAMU.
Oco0nuBe Miciie 3aiiMae METOJ] TPAaHUYHUX EJIEMEHTIB, SKUil aBTOPH BHKOPHUCTOBYIOTH
JUIsL aHami3y 3aJad 13 JIOBUIBHOIO TIE€OMETpIer0 TpiluH. Pe3yiapTaTH BKIIOYAIOTH
po3paxyHKu KoedilieHTiB iHTeHcuBHOCTI HampykeHb (KIH) 1 umcensHi mMopemi, 1o
JO3BOJISIIOTH OMKUCYBATH MOBEIIHKY MaTepialiB 13 TPIILIMHAMH.

B po6Goti [88] posrmsamatoThesi JBOBUMIpHI 3ajadi TEOpii MPYKHOCTI, 30KpeMa
3a7a4l 3 TPINIMHAMH. ABTOp JETaJIbHO OIKUCYE€ METOAM AHATTHYHOTO 1 YHUCEIHLHOIO
aHaJli3y, 30KpeMa BUKOPUCTAHHS METOy (DYHKIIIM KOMIUIEKCHOI 3MIHHOI U1 TOOYA0BH
PO3B’A3KiB 33724 13 TPIIIUHAMHU.

Momnorpadis [89] € BCEOCSKHUM JTOBITHUKOM, TMPUCBIYEHUM BHU3HAUYCHHIO
Koe(DiIi€HTIB IHTCHCUBHOCTI HAIIPY>KEHb y 3a/1adax 3 TpilIMHAMH. Y HIl MPEICTaBICHO
Benukuii oO0car manux 1monao KIH nns mmumpokoro cnektpy reoMeTpudyHuX 1 (hi3uko-
MEXaHIYHUX KOH(]Irypariil TiI 13 TpILIUHAMHU.

HaykoBuit  mopob6ok I'.T.Cynuma [90-97] oxommoe  (yHIamMeHTaIbHI
JOCJTIDKEHHS B rajTy31 MEXaHiKH 1e()OpMOBAHOTO TBEPIOTO TiJIa, MEXaHIKH PyHHYBaHHS
Ta Teopii npyxHocTi. OcoOauBY yBary B Horo po06orax mpHaiJICHO 3aja4aM 13 TOHKUMU
BKJIFOUECHHSIMH, aHI30TPOITHUM MaTtepiaiaM 1 KOMIIO3UTaM.

Momnorpadis [98] MiCTUTh cUCTEeMaTHU30BaHUN BUKIIQ/l TEOPIi MPYKHOI pIBHOBAru
TIT 13 TOHKHUMH BKIIOUYCHHSIMH. ABTOp y3arajabHUB pe3yjbTaTH OaraTopiaHux
JOCIIIKEHb, TMPUCBIYCHUX AHATITUYHUM 1 YUCEJBHUM METOJIaM PO3B’sS3aHHS 3a/a4y
Teopii MPYKHOCTI JIs TUT 13 TOHKUMH JIePEeKTaMHu.

Y crarti [99] nDOCHiIKEHO MOBEAIHKY MEPIOAUYHOIO MAacUBY TpPIIIMH Y
(GYHKITIOHATBHO TPAJIIEHTHOMY HEOIHOPITHOMY CEPEIOBHIII, MiITaHOMY HOPMaJTbHOMY

Ta JOTUYHOMY HABAaHTaXEHHIO B IUIONIMHI. ABTOpP 3aCTOCYBaB aHAMITUYHUN MIIXi,
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0a30BaHMN HA METOJl CHUHTYJSIPHUX IHTETPAIIbHUX PIBHSAHB, JUIS aHANI3Y HAIpPY>KEHO-
ne(OPMOBAHOTO CTaHY HABKOJIO TPIIIMH. Y PoOOTI PO3TIISANAETHCS BIUIUB TpajliEHTa
MEXaHIYHUX BJIACTUBOCTEW Marepialy Ha KOe(DIil[lEHTH 1HTEHCUBHOCTI HAaINpYy>KEeHb 1
3araJIbHU PO3IO/ILT HAPYKEHb.

Monorpadis  boxunapuik B. B.,, Makcumosuu O. B.  [100] mnpucBsiuena
JOCTIDKEHHIO  HaIlpY>KeHO-Ae(pOPMOBAHOTO CTaHy AaHI30TPOMHHUX IUIACTUHOK 13
nedeKTaMu 'y BUTJSAAI OTBOPIB 1 TPIMMH. ABTOpH 3ampoOINOHYBAIM aHAIITUYHI Ta
YUCEeIbHI METOIU VIS 33/1a4 13 TPIIIMHAMU 1 OTBOpaMU Pi3HOI KOHpIrypari.

VY crarti [101] nocmimxeHo 3agady npo nNepioAMYHUNA MacUB KOPCTKUX JITHIMHUX
BKJIIOYEHb B HECKIHYEHHIH IUIaCTUHI. BUKOPUCTOBYIOUM METOJlI CHHTYJISPHUX
IHTETpaJbHUX PIBHSAHb, aBTOpP MOOYAyBaB aHATITHYHHA PO3B’SI30K IS BU3HAYCHHS
Hampy>XeHo-nepopMoBaHoTro cTaHy IutacTuad. OCHOBHA yBara NpPHAUICHA BIUIUBY
NepIOAMYHOCT] BKIFOYEHB Ha PO3IOALT HAIPYKEHb 1 iehopMaIrii.

Momnorpadis [102] € BCEOCSHIKHMM JOCHIPKEHHSM 3a7ad  MIPYKHOCTI 3
MHOKHHHUMH TpIIIMHAMH. Y KHH31 BHUKJIAJCHO SK TEOPETHUYHI OCHOBH aHaNI3y
HaIpy>KEHOTO CTaHy TIJ 13 TPIIIMHAMH, TaK 1 MPAKTHUYHI aCIEKTH, 30KpeMa METOJIU
YHCENBHOT0 Ta aHAIITUYHOTO PO3B’sI3aHHS TaKUX 3a/a4.

B poGoti [103], Raju S. Ta Newman Jr. J. po3risgatoTs piBHIHHS JIJ1s1 BUBHAYCHHS
KOe(DILI€HTIB 1HTEHCUBHOCTI HANpPyXX€Hb IS TPIIMH B TPUBUMIPHUX TLIaX, K1
TiIAF0THCS PO3TATYBATBLHUM 1 3rHHATBHIM HaBaHTAXXKCHHSIM. BOHM pO3rIIsiIatoOTh BIUIHB
pO3MIpy TPIMIMHM, ii TEOMETpii Ta Opi€HTAIlll BIJHOCHO HAIpYyKEHHS Ha KOeQIili€eHT
IHTEHCUBHOCTI Hampy»eHb. Y cBoOid iHmmX poOotax [104-106], obuaBa BYeH1
30CEPEIKYIOThCSI Ha CKIHUYEHHO-CJIEMEHTHOMY aHalli3l TPINMH B 130TPOMHUX Ta
AHI30TPOITHUX IIIAacTUHAX. Lle MoCHiKeHHS aKIEHTye yBary Ha IOBEIIHII TPIIIUH B
MmaTepiajgax 3 pi3HUMH HampsMaMy BIACTHUBOCTEH. TakoXk BOHM CIIBIPAIIOBATU HaJ
pobotoro [107], me mocmiTKyBaiyu MOBEpXHEB] TpiUHU. B 11iit po6oTi BOHN po3pobuiin
eMIIIpUYHE PIBHAHHS JUIsl Koe(illleHTa IHTEHCHMBHOCTI HaIlpy>X€Hb Ha OCHOBI
CKCIIEPUMEHTATbHUX JTAHUX.

VY crarti [108] 3amaui Teopii TPIIIMH, PO3TAIIOBAHUX MOOIH3Y MOBEPXOHb

MaCHBHUX 1 TOHKOCTIHHHMX TiJI, PO3riIs1JarOTGCA 3 BHUKOPUCTAHHAM MCTOAY TOHKHX
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BKJIFOUEHB, 3alIPOTIOHOBAHOTO aBTOpamu. [IpoananizoBaHO BILTUB T€OMETpii MOBEPXOHb
Ta MEX MaTepialiB Ha 3HAYCHHS CTaTUYHUX 1 JUHAMIYHUX KOe(]IIll€eHTIB IHTECHCUBHOCTI
HaIpPY>KEHb y 30HaX, MPUWIETIINX J0 J1e(EKTIB.

VY poboti [109] ocecumeTpudHy 3amady MpO KPYTOBY IMiMIOBEPXHEBY TPIIIHHY
paiaJbHOTO 3CYBY B HalliBHECKIHUEHHOMY KOMITO3UIIITHOMY Martepiajli 3 ypaxyBaHHSIM
MOYAaTKOBUX HAIMPYKCHb PO3B’SI3aHO METOJOM CHHTYJISAPHUX IHTETPaIbHUX PIBHSIHB.
[TobynoBaHo cucTeMy IHTETpaJIbHUX PIBHSIHL DpenrojibMa IPyroro pomy, OTPUMAHO
aHAJIITUYHI BHUpa3H ISl KOE(QILIEHTIB IHTEHCUBHOCTI HANpPYy>X€Hb Yy 30H1 BEPIIMHU
TPIIMHN 3 ypaxyBaHHSIM IMOYaTKOBOTO HAMPYKEHOTO CTaHy. [IpoBeneHO uncenbHUN
aHa i3 i1 JBOX THIMIB KOMIIO3UIIIMHUX MaTepiaiiB: IIapyBaTUX KOMIIO3UTIB 3
I30TPOITHUMH TIapaMH Ta KOMIIO3UTIB 31 CTOXaCTUYHUM apMYBaHHSIM KOPOTKUMH
CJIMCOiJaTbHUMHU BOJIOKHAMH, JTOCIIPKEHO BIUIUB (h13MKO-MEXaHIYHUX BIACTUBOCTEH 1
TrCOMETPUYHHUX MapaMeTpiB Ha 3HaueHHs KIH.

V¥ nmuceprauiiiniii podoti Davidson S. [110] gns anamizy psay MiMIaHUX 3ajaad
TEOpii TPIIUH 3aCTOCOBAHO METOIH PO3/IJICHHS 3MIHHUX, IHTETPAJIbHI TIEPETBOPEHHS, a
TaKOX TEXHIKH PO3B’sS3aHHS MOJIBIMHUX 1 TOTPIMHUX 1HTErPAIbHUX PIBHSHbD.

Y poboti [111] mimocky 3amady Teopii MPYKHOCTI IS KBa3iOPTOTPOITHOTO
CepellOBUIIA 3 KPUBOMIHIMHUMU TPIIIMHAME MTPOAHAIII30BAHO 3 BUKOPUCTAHHSAM METOY
CUHTYJSIPHUX 1HTErpaJibHUX pIiBHSIHb. Bu3zHaueHO KOe]illlEHTH 1HTEHCUBHOCTI
HATPYXKEHb TSI MPSMOJIIHIHHOT Ta mapaboivyHOT TPIMUH JOBUTHHOTO PO3MIIICHHS. .

VY crarti [112] y paMkax CHpoIleHOi JiHIHHOI MOJIel MOBEPXHEBOI MPYKHOCTI
['yprina — Mepaoka A0CTIAKEHO OCOOIMBOCTI MOBEAIHKM HAIPYKEHb 1 MEPEMILEHD Y
oe3rocepeHid OIU3BKOCTI 10 TpiuHU. {1 po3B’sa3aHHs 3a/1a4ul 3aCTOCOBAHO arapar
IHTerpabHUX NIepeTBOpeHb Mertina ta Binepa—I onda.

Y Hu3LI AOCHIKEHb JUIS aHalli3y Hampy>KEHOro CTaHy TMOOMu3y TpIlIUH
3acTocoByeThes anapar Qyskiii ['pina. 3okpema, B ctarti [113] oTtpumano dyHkii
I'pina y BUrISAl IHTETrpaliB B e€JeMEHTapHUX (YHKLIIM I HECKIHYEHHOTO
TPUBUMIPHOTO MPY>KHOTO CEPEIOBHUIIA 3 KPYTOBOIO TPIIIUHOI0. PO3TIIA1aI0ThCS BUTIAIKU
K 130TPOITHOrO Marepiajly, TaK 1 TpaHCBEPCAIbHO-130TPOITHOTO 3 TPIIIUHOLO,

PO3TaIIOBAHOK TapasiesIbHO IUIONIUHI 130TPOITii.



27

VY pob6oti Fabrikant V. 1. [114] moOGynoBaHo iHTerpajibHI PiBHSHHS AJS 3a1adi
B3a€MO/IIi apaJIebHUX KPYTOBUX TPIIIMH Y TPAHCBEPCATBHO-130TPOIHOMY MPYKHOMY
CEepeIOBUILI IiJT JII€F0 TOBUILHOI'O HABAaHTAXXEHHSI, 3 BAKOpUCTaHHAM (pyHKIiH ['pina. (s
YCYHEHHsI CUHTYJISIPHOCTEH, TMOB’A3aHUX 3 BEPIIMHAMU TPIIIUH, 3aCTOCOBAHO TECOPEMY
PO CEpelIHE 3HAUCHHS 1HTerpaa. Y pe3ynbTari OTpUMaHi piBHSHHS HAOYyJIU peryispHOl
dbopmu i Oynu pos3B’sizaHl uucenbHO. HaBenmeHo wucnoBi daHi Jyisi KOE(QILI€HTIB
IHTEHCHUBHOCTI HaIPY>KEHb.

CxknagHicTh MOOYIOBH YHCEIbHO-aHAITUYHUX PIIICHB JJIS 3ajlad 3 TpilllMHAMU
JOBUIBHOI Opl€HTalli BIAHOCHO OCl aHI30TPOIMii 3yMOBWJIa HEOOXIJHICThH CTBOPEHHS
CIPOIIEHUX MOJENIeH JJI OLIIHKUA HANpPYXEHOTO CTaHy TakuX TiJd. 30Kkpema, y poOoTi
[115] 3anmponoHOBaHO HAOJMKEHY aHAJTITUYHY MOJIENb, sIKa OI[IHIOE BHECOK JIOBLIHHO
OpIEHTOBAHO1 KPYTroBOi TPIIIMHU B €(DEKTUBHY MPY>KHY MOJATIUBICTh TPAHCBEPCATHHO-
130TponHOTO MaTepiany. BuBUaeThbcs 3aCTOCYBaHHS TIIMOTE3H, 32 KO 3MiHA MPYKHOTO
NOTEHIllally, CIPUYMHEHA TAKOK TPILIMHOIO, MOKE OYTH apOKCMMOBAaHa B1ANOBIAHOIO
3MIHOIO JIJIS €KBIBAJICHTHOTO 130TPOITHOIO CEPEIOBHUIIIA.

VY crarti [116] ocHOBHY yBary OpHAUICHO BHU3HAUYCHHIO €(PEKTHUBHUX MPYKHHUX
XapaKTEPUCTHK TPAHCBEPCATBLHO-130TPOIMHOTO MaTepialy 3 MHOXHHOK BHUIIAKOBO
OpPIEHTOBAHUX KPYTOBHX TpIMKUH. Po3po0aeH0 HOBUM MIAXiJ JO OIIHIOBAaHHS BILIHUBY
OKpeMOi JIOBUIBHO OpPIEHTOBAHOI TPINIMHU HA 3arajlbHi  MOJIYJl HPYXHOCTI
HECKIHUCHHOTO TPaHCBEPCAIBHO-130TPOMHOTO cepefoBuiia. [Ipu oMy BHKOPHCTAHO
cxemy Mopi — Tanaka — benBeHnicTa, sika, s TPIIIMHOMOAIOHUX HEOJHOPITHOCTEH,
BIZIITOB11a€ HAOIMHKEHHIO 0€3 B3a€MO/I11 MK BKIIFOUEHHSIMMU.

MeTonoM CHHTYISpHUX IHTETPAIbHUX PIBHAHB B pobOoTi [117] po3B’sa3aHo
JBOBUMIpDHY TIEPIOAMYHY 3ajadyy Teopii MPYXKHOCTI [JIs 130TPOIMHOI IUIOIIMHH 3
HECKIHUCHHOIO KUIBKICTIO KPUBOJIHIMHUX OTBOPIB, KOHTYPH SIKHX € TIOYaTKaMHu
KpaloBUX KPUBOJIIHIMHUX TPIIIHH.

VY crarti Zureick A.H. [118] mochimkeHo acMMETpUYH1 3MIIIEHHS >KOPCTKOL
chepoinanbHOl BKIIOUEHHS, BOY/1I0BaHOI B TPAHCBEPCATIbHO-130TPOIHE CEPEIOBUIIIEC, IT1]T

BIUTUBOM 3CYBHUX a00 00epTOBHX HaBaHTaXeHb. ABTOp MOOyJyBaB aHaNITUYHE
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pO3B’sA3aHHS, L0 BPaxOBY€ aHI30TPOINID MAaTpHULl, JJII TOYHOTO OIHKCY HANPYKEHO-
ne(hOpMOBAHOTO CTaHy HABKOJIO BKIIFOUEHHS.

VY crarti Zhong Z. [119] aHamiTUYHO AOCHIIKEHO HAINpPY>KEHO-Ae(HOPMOBAHUI
CTaH TPAHCBEPCATHLHO-130TPOITHOTO CTPIIKHSA 3 UJITHIPUIHOIO BKITIOYCHHSM, KA 3a3HAE
OCECUMETPUYHUX BIacHUX Aedopmariiii. ABTop moOyayBaB TOUYHY MOJENb HAa OCHOBI
MNOTEHIIAIbHUX (DYHKIIIH, KA JTO3BOJISIE OLIHUTH KOHIEHTPALIKD HaMpyKeHb MOOIU3Y
MEXK1 BKJIIOUCHHS Ta MaTPHIII.

V¥ crarti [120] Karamiii T. C. nociiakye NOBEIIHKY BOJTOKHUCTHX KOMITO3UIIMHUX
MaTepiaiiB 3 HasBHICTIO TPILIUH, 3aCTOCOBYIOUN MeTo 1 30ypeHb. BoHa po3risigae BIUIMB
TPIIMH Ha HaIpy>KeHO-Ie(OPMOBAaHUN CTaH KOMIIO3UTY, aHAJI3yIOUH B3a€EMOJIII0 MIXK
BOJIOKHaMH Ta MaTpuliero. MeTton 30ypeHb J103B0JII€ OTPUMATH aHANITUYHI BUPA3U IS
OI[IHKA KOHIIGHTpAIlli Hampy>KeHb MOOJU3y TPIIMIMHU, 1[I0 € BAXKIUBUM IS
MPOTHO3YBaHHSA MIIIHOCTI Ta HAAIMHOCTI TaKUX MaTepialiB Yy MPaKTHYHHX
3acTOCyBaHHAX. Y pociikeHH [121] 3acrocoBaHo meTon 30ypeHb JUIsl PO3B'S3aHHS
KOHTAKTHHX 3a7ad Teopii MpyKHOCTI, IO JO3BOJISIE BPaXOBYBaTH CKJIAAHY T'€OMETPil0
00J1aCcT1 KOHTAKTY Ta BIUTMB HElJcaIbHUX BIACTUBOCTEHM MaTepiay. Lleit miaxia 1o3Boisie
OTPUMATH AHAJIITUYHI PIIIICHHS JUTSI OIIIHKY HAMPY>KEHO-e(hOPMOBAHOTO CTaHy B 00J1aCT1
KOHTAKTy M1 IIITAMIIOM 1 IJIACTUHKOIO

Y po6oti Stashchuk M.G., Drobenko B.D., Izra Ye.M. [122] po3pob6ieHO
MaTeMaTUYHY MOJIEIh JUIsl BU3HAYCHHSI ONITUMAIIBHUX PEKUMIB Binany (yHKITIOHATBHO-
IpaiEHTHUX T1JI 13 YpaxyBaHHSM 3MIHHM BJIACTUBOCTEH MaTepiary 3a 00’ eMmoM. MeToioM
CKIHYEHHHUX €JIEMEHTIB pO3B’s3yBajd MHpsAMI 3ahadl MHiAg 4Yac iTepauiiiHoi moOyaoBH
ONTUMAJILHOTO HArPiBY-0XOJIOKEHHS T1J CKJIaJHOI TeOMETpUYHOI popMu Ta Oy 10BU. Y
crarti Drobenko B.D., Kushnir R.M., Marchuk M.V. [123] po3po6ieHo meTon
JOCITIKEHHSI MIIMTHOCTI Ta BU3HAYEHHS PYyHHIBHOTO HABaHTAXXCHHS TSI KOHCTPYKIIiH
PaKETHO-KOCMIYHOT TeXHIKHU. J[JIs1 BUPIIIIEHHS OCTABJICHOI 3a/1a4l BUKOPUCTAHO METO]T
CKIHYCHHUX €JICMEHTIB.

VY nocnimkenHi [ 124] po3risigaeTbest 0CECUMETPUYHA MOJIENb HAIIPYKEHOT'O CTaHy

IIJTaCTHHHU, sIKa Mae€ prrJII/Iﬁ BI/IpiB, IMOCUJICHUM KPpYIJIOI0 KOHOCHTPHYHOIO HAKJIAaJKORO.
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ABTOpH MOOYJyBaM aHAIITHYHY MOJENb Ta MIATBEPIWIMN ii JTOCTOBIPHICTh HUIAIXOM
MOPIBHSHHS 3 YUCEIBHUMHU PO3PAXyHKAMU METOJOM CKIHUYEHHUX €JIEMEHTIB.

Y pobGori [125] pmochimkeHO mpouec TPIIMHOYTBOPEHHS MiJ  BILUITMBOM
TEPMOIMIYJbCHUX HABAaHTAXEHb Ha TMPUKIAIl KOPIYCHOTO eJeMEeHTa aBialliiiHOTO
arperary. 3ajgady TEpMOIPY>KHOCTI JIJIsl METaJy 1]l 4ac IMIYyJIbCHOI TEIIOBOT 00pOOKH
Oyino po3B’sizano 3a gonoMoror CAE-cuctemu Ansys. BuzHaueHo Mmosisi BHYTPIIIHIX
Halpy>XeHb Ta ineHTH(]ikoBaHO o00yacTi iX KoHIEHTpallii. UncelbHe MOICITIOBAHHS
IIPOIIeCy 3apOPKCHHS TPIMIMH y 30HAX MAaKCHMAaJIbHOI KOHIICHTpAIIl HAINPY>KEeHb J1aJIo
3MOTYy OOYMCIUTH KOE(ILIEHTH IHTEHCUBHOCTI HAINPY>KE€Hb ISl PEKUMIB HOPMAIIbHOTO
BIJIPUBY, ITOMIEPEYHOIO 1 MO3/IOBXKHBOTO 3CYBY, a TAKOK 3HAUCHHS J-1HTETpaty.

OaHUM 3 OCHOBHUX METOJIB PO3B'I3aHHS KPaWOBHX 3a7a4 TEOPii MPY>KHOCTI JJIs
0araTo3B’A3HUX KAaHOHIYHHMX TiT € y3araJbHeHuid metron Dyp'e (YMD). Bmepmie B
3araJlbHOMY BHTJIsAII 1ied MeTon OyB 3anpornoHoBanuii O. I'. HikonmaeBum y auceprariii
[126], ne Oyso 3aknafeHO BCl MOr0 CKJIAJOBI JUISl 130TPONMHHUX TIA 3 KAHOHIYHUMH
CHIBBICHUMU MOBEPXHSIMU 1 TOBEPXHSAMH 3 MapajeIbHUMHU OcsiMU. Y poboTti [127] Gyno
noOyJIOBaHO YAaCTHUHHI JIIHIKHO HE3aJle)KHI BEKTOPHI PO3BS3KU CHUCTEMH PIBHSIHB
pPIBHOBAaru y mepeMimieHHsX sl OCHOBHUX KaHOHIYHUX OJTHO3B'SI3HUX TPaHCBEPCATHHO-
130TPOIHUX TUJI 1 OTPUMAHO TEOPEMH JI0IaBaHHS IIMX PO3BA3KIB y BUMAKY, KOJIH LIEHTPU
pi3HUX TMOBEpXOHb 30iraroThes. IIpobmemu oO0TpyHTYBaHHs YM®D Bhmepuie Oyio
MOCTaBJICHO B pobOoTtax [128, 129]. V Hux Oyio BBENEHO MOHATTS 0A3MCHOI CUCTEMU
PO3BsA3KIB pIBHAHHA Jlame B 0JTHO3B'SI3HIM KaHOHIYHIN 001acTi Ta JOBEJAECHO 0a3UCHICTh
JUIST BCIX KAHOHIYHUX OJHO3BSI3HMX oOnacTed. Takok OyJ0 BCTAaHOBJEHO KIIacH
po3Bsi3HOCTI MeTogoM Dyp'e mepInoi Ta APyroi KpahoBUX 3a7a4 TEOpii MPY>KHOCTI s
BKazaHux obOisacreit. Ilepmni migxomu npo oOrpyHtyBaHHs wmetony Dyp'e mis
BICECUMETPUYHUX PO3B'SA3KIB CHUCTEMHU PIiBHSHb PIBHOBArd Yy TEPEMIMICHHSX IS
TpPaHCBEPCAIBHO-130TPOITHOTO BUTATHYTOTO chepoina Oyio 3aknageHo y poboti [130].
OcraroyHo 111 pe3ysbTaTh 0yJi0 oTpuMano B ctaTTi [131]. 3acTocyBaHHS y3arajibHEHOTO
Merony Dyp’e nis TpaHCBEPCATbHO-130TPOMHUX JIBO3B’SA3HUX TUI, LIEHTPU TPAHUUYHHUX

MOBEPXOHB SKHUX 301ratoThcs, po3risaanucs B poootax [130, 132 — 134].
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VY cratTi [135] po3riIiHYyTO OCECUMETPUYHY 3a/1ady NpO PyHHYBaHHSA IONIEPETHBO
HAIPY>KEHOTO KOMIIO3UTHOTO MaTepialy 3 MepioJAMYHOI0 CHUCTEMOIO MapaliebHUX
CHIBBICHUX TPIIIMH HOPMaJIbHOTO BipuBY. Ha OCHOBI mojaHp 3araibHUX pPO3B’A3KIB
JiHEapu30BaHUX PIBHSAHb PIBHOBAarM 4epe3 TapMOHIYHI MOTEHINaNbHI (QyHKIII Ta 13
3aCTOCYBaHHSAM IHTETPAJIbHUX TEpPEeTBOPeHb ['aHKens 3amady 3BEACHO [0 CUCTEMHU
NapHUX IHTErpajibHUX PIBHSAHb, a Jalll — JO IHTerpajbHOro piBHsAHHA Dpenronbma
JPYroro pomy.

Y pob6ori [136] BHUKOHAHO aCHUMITOTHYHHI aHaN3 HANPYXEHOTO CTaHy
130TPOMHOr0 Marepiany NoOau3y MeX KpYroBUX TpPIIIMH, AHTUTPIIMH 1 TOHKHUX
BKJIIOUEHD 32 PI3HUX YMOB Ha MOBEPXHi. Y JIOKAJbHIN CUCTEM1 KOOPJIMHAT, TPUB’ I3aHiH
JI0 Kparo HEOAHOPITHOCTI, TOOY/I0BAHO aCUMIITOTUYHI PO3B’A3KH Y BUTJISIAL PO3KIaIIB 32
BJIACHUMU (YHKIIISIMH, 0 3aJI€KATh Bl KYyTOBUX KOOPIWHAT, Ta CTENIEHEBUX PSJIIB 32
pamianbHOIO 3MiHHOK. OTpuMaHO HH3KY HaOMMkKeHUX GOpMya sl Koe]illieHTIB
IHTEHCUBHOCTI HaIlPYy>K€Hb, OJIHAK YHCEJIbHI Pe3yJIbTaTH HE HABEACHO.

VY crarti [137] po3rasHyTO 3371249y PO KOPCTKUH IITaMIT JOBIIHLHOT OopMU, STKHiA
Jl€e HAa MEXY TpPaHCBEPCAIbHO-130TPOIMHOIO MIBIPOCTOPY 3 JOBUIHHOIO IJIOCKOIO
TPIMMHOI a00 BKIIOYCHHSIM, PO3TAIOBAHWMH B TUIONIMHI, TapalelbHId Mexi.
PosrasgaroTees 3aranbHi YMOBH IiJT IITAMIIOM 1 Ha TPIiuHI. [[71s OTpuMaHHS CUCTEMU
PO3B’SI3yBAIBHUX PIBHSHb OYyJI0 BUKOPUCTAHO JIBA Pi3HI METOIU: y3araJbHEHUN METO
300pakeHb 1 BUKOPUCTAaHHA 3BOPOTHOI Teopemu. lloniOHy 3amauy Oyno HOCHIIKEHO
y3aragpHeHUM MeToaoM Dyp'e me y pobori [130]. Metoma Teopii moTeHIIATY
3actocoBaHo B [138] mng po3B'si3aHHS 3amadl TEPMONPY>KHOCTI ISl 130TPOIHOTO
MPOCTOPY 3 AHTUTPIIIUHOIO TiJ AI€I0 TeMneparypHoro nojs. CUHTYJSpHI 1HTETpaibHI
PIBHSHHS JUIS QHTUTPIIIMHU JOBUIBHOI (OpMH BHBEJIEHO B TEpMiHaX HEBIJOMHX
CTpHOKiB HAMPy>KeHb TePMIYHOTO 3CyBY. [lomioHmM miaxomom y po6oTi [139] orpumano
AQHATITUYHUA PO3B'SI30K TPUBHUMIPHOI TPAHCBEPCATHHO-130TPOMHOI  TEPMOIPY>KHOT

3a/1ayi, B SIK1i OJJHOPITHUNA TETJIOBHUH MOTIK JIi€ HA TPOCTIP 3 KPYTOBOIO AHTUTPILIUHOIO.
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BucHoBok 110 po3ainy

VY nmepmiomy po3aini auceprariii mpoBeACHO BCEOIYHUI OIS Cy4aCHOTO CTaHy
JOCIIIKEHB 33724 TEOpii MPYKHOCTI JIJIsl TPAHCBEPCATBHO-130TPOITHUX T1J1, 3 0COOTMBUM
aKIICHTOM Ha Mpo0JIeMaTUKY TPIIKH, BKJIIOUCHD Ta IHIINX JAe(PEKTIB Y TAKUX MaTepiaiax.
JleTanbHO MpOAHANI30BAaHO KJIACHMYHI Ta CydYacHI MIAXOAM 1O PO3B’SI3aHHS 3adad 3
TpIIMHAMH, 30KpEMa B TPAHCBEPCATBHO-I30TPOMHUX 1 KOMIIO3UTHUX CEpPEIOBUIIAX.
Po3risiHyTO aHamiTUYHI Ta YUCEIbHO-aHANITUYHI METOAM, SIKI BUKOPUCTOBYIOTHCS IS
MOJICJIIOBAHHSI ~ HAMpPY»XEHO-Ae(OPMOBAHOTO CTaHy TUT1 13 HEOJHOPITHOCTSIMH,
BKJIIOUAOYM MeToau (yHKIiM ['piHa, 1HTErpajibHUX NEPEeTBOPEHb, METOJl BIACHUX
byHKLIH, a TakoX y3aranbHenuid merog dyp’e.

AHami3 JiTepaTypHUX JDKEpell MOKa3aB aKTYalbHICTh MOJAIBIIUX JTOCHIIKEHb
B3a€MOJII1 TPIIIMH Ta iX BIUIMBY Ha PO3MOALT HAMPYKEHb Y TPAaHCBEPCATbHO-130TPOITHUX
Tiax. BogHouac BUSBIEHO HEAOCTATHIO BUBYEHICTD 3a/1a4 13 MEPI0JIMYHUMH CUCTEMAMHU
TPIIMH 1 AHTUTPIMIMH, a TAKOXX HECTady CTPOTMX MaTEeMaTUYHUX OOTPYyHTYBaHb
0a31UCHOCTI MOOYA0BaHUX PO3B’S3KIB Y KAHOHIYHHX TiJIaX. TakuM 4uHOM, OOTpPYHTOBAHO
BUOIp TeMHU AHCepTallii Ta BU3HAYCHO HAMPSIMH MOJAIBIIUX JOCIIHKEHB, CIIPSIMOBAHUX

Ha PO3BHUTOK BIJIMOBIIHOTO MaTEeMAaTUYHOTO amapary.
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PO3JILI 2

MOJAJIBIINNA PO3BUTOK ATIAPATY
Y3ATAJIBHEHOI'O METOLY ®YP€

2.1 YactuHHI BiCECUMETPHUYHI PO3B’A3KHM CHCTEMH PIBHSHb pIBHOBaru B

MEePEMIILICHHSX I TPAHCBEPCATBHO-130TPOITHOTO CTUCHYTOTO cepoina

PosrisiHemo cucreMmy piBHAHb PIBHOBArM B MEPEMILIEHHSAX TpPaHCBEPCAIbHO-

130TPOIHOIO MPYKHOTO Tija

3 2y, 3 8V,
Za,ja—?+izbij—f=o, i=1,2,3; (2.1)
e

1
ay;=dz;, a1 =4ap; 25(011—012)» aj3=az =ap =cqq, bjj=by;,

1
bii=bp=Z(ai+e), bz =bsi=bsp =ci3+cas, az3 =33, b33 =0,
Cjj — IPYKHi CTall MaTepiaiy Tina, (xl-)?zl — JICKapTOB1 KOOPJAMHATH TOUYKH CEPEOBUIIIA,

(Vi)?:l — KOMIIOHEHTH BEKTOpa MepeMillieHb V' y pekapToBoMy 0a3uci.

bynemo BBaxkatu mpyxHI cTaji Marepiany Tia mogaTHUMH. Bka3zana ymoBa
3aJI0BOJIBHSIETHCS Y BUNIAJIKY OCHOBHUX TPaHCBEPCATbHO-130TPOITHUX MaTEpialliB.
3anuiieMo BiICECUMETPUYHUIA BapiaHT PiBHAHD (2.1). J1s 1boro B cucTeMi piBHSHb
(2.1) mepeiiaemMo 10 MITIHAPUIHUX KOOPIUHAT 3TiTHO 3 hopMyIaMu
X =pCoso,
x, =psing, pe[0,+x), pe[0,2n], ze(—o0,+0).
X3 = Z,
[To3HaYMMO KOMIIOHEHTH BEKTOpPA MEPEMIIIeHb Y BiCECUMETPUYHOMY BHITAJIKy B

LWIIHAPUYHOMY Oa3Hci uepes Vp, V., . OCKiTbKH BUKOHYIOTBCS (DOPMYJTH

Vi=Vycos¢, V) =V,sing, V3=V, (2.2)
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0 0 sing 0 O .0 cosp 0

— =CosQp— - —, =sme—+——, (2.3)

x| op p 09 0Ox op p 0
2 2 : 2 2 2 2
9_+5_:[COS¢i_wij {Simpgcow% S8 LT hy
o o o p 09 o p 09) o9p° PO pdp

npuomy V, =V, (p,2),V, =V,(p,z) , TO MOXKHa 3ancaTH

2y 2 : 2 o, oV, v
81;1+61§: 62+16+1282(VCOS(P) 2p+l P~ |eoso, (2.5)
o o \dp~ POP p7 o op~ PO p

2y 2 2 2 oV, 1oV, ¥

g I;z +8 Zz = 82+1 g 12 g (V sm(p) 2p+l p__g sing, (2.6)
i oxy |\ 0p p8p p 8(p o~ PO p

% % = (cosq)i —wij(l/p cosq)) + (sinq)g + COS(pai](Vp Sin(P) =
¢

_I_
ox;  0Oxy o p 0 o p
oV, sin’ 0 2 v, v
—cosch sm (PVp+sin2(p p & (PVp =P P 2.7)
5p P ap P ap P

[TincTaBnstoun oTpuMaHi GOPMYJIH B CUCTEMY PiBHSAHB (2.1), oTpuMaeMo

azp LoV, ¥, 82Vp
t—— -~ —5 |C0SQ+Cyq——-COSQ+

o> pOp p? oz

1
—(C11—C
2( 11-¢12)

o1 v, ¥, ov,
cosQ—| — + —F 4 Pt + —= =0,
(Pap{z(c“ Clz)[ o (c13 +¢c44) o

2 2

oV, 10V, V oV,
2p+l p__g SINQ + Cyq 2p

o~ POPp p 0z

sin @+

ov, V. ov.
L3+ 044)8—;} =0,

2 2 ov, V
C44 ’ sz s +C338 ZZ +(c13 +C44)§(—p+—p]=0
op° P Op Oz az\ op p

a00 MicCJIsI CIIPOIIEHHS
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2 2
o(1a 0V, oV,
ci1—| ——(PV,) |+c¢ +(cj3+cqgq)—==0, 2.8
115{)[pap (p p)j 4 (13 44)apaz (2.8)
10 asz 0%, 1 a[ 6VpJ
Cau——| p—= |+¢ +(cj3+cgq)——| p— |=0. (2.9)
44pap[ oo ) TR tlasran) o P

YactunHI po3B’s13Kku piBHIHB (2.8), (2.9) Oyaemo nrykaTu y BUTIISIL

Vs(p.2) =V bs(p,2), (2.10)

e

s :ép£+ksé' g, s=1,2;
op oz

\Y
(ép,éz) — OpPTH LWIIHAPUYHOI CHCTEMH KoopauHat, kg, ¢.(p,z) — meski crami Ta

¢bynkuii, siki OyayTh Bu3HaueHl fgani. [lpu s=1,2 miacTaBUMO KOMIOHEHTH BEKTOP-

byukiii (2.10) B cucremy (2.8), (2.9)

0 10, 8, J 0%, 0%,
—| 1| —o-(P—= ) |+ caa +(c13 +can)k =0,
89{ (p o op oz ? o

z 4
0 10( a o° 10( @
— | Cagky ——(P&j + 33k, d;S +(cp3 + C44)——(P&j =0
0z pop\’ Op 0z pop\’ Op
Bubepemo ¢ynxuii ¢¢(p,z) TakuMm YMHOM, 11100 BOHU 3a/I0BOJIBHSUIN CUCTEMI
PIBHSIHB
10,0 o
011[——(9&)%[044”013 +Cq4)ks ] d;s =0, (2.11)
pap  Op 0z
1o 8 o
[caaks +(c13 +C44)]——(9&J+C33ks d;S =0. (2.12)
pap\ Op 0z
YMoBor cymicHocTi cuctemu (2.11), (2.12) € BuUKOHaHHS pIBHOCTEH
Caq +(c13 +Caq)ky _ ksC33 _y (2.13)
s :
cr1 kscaq +ci3+caq
3BIIKHU
kg = Cl1Vs —Caq _ (c13 +€44)Vs . (2.14)

€13+ C44 C33 —C4qVy



35

Ockinbkn 00uBa ApoOU NOBUHHI OyTH OJHAKOBMMH, CTalll Vg 3aJ0BOJBHAIOTH
PIBHSIHHIO

cr1caav” = (c11633 — 2013644 — Cf3)V + 33¢44 = 0. (2.15)

Jlami po3riisiiaeThCcsl BUNAJOK JIMCHUX 1 JOJATHUX KOPEeHIB piBHAHHSA (2.15). Toni

noteHuianbHi QyHKIil ¢y (x) Tpu s=1,2 MOXKHAa BUOpaTH SIK PO3B’S3KHU ENINTUYHUX
nu(epeHiaIbHUX PIBHSIHB

2
(__( %j s g, 5ot 2.16)
pop * o

TakuMm uuHOM, KO V| # Vo 1 GYHKLIT (¢ (X) 3a10BOJIBHAIOTH PIBHAHHAM (2.16),
T0 BekTop (PpyHKIII (2.10) € MiHIAHO HE3AIEKHUMHU PO3B’s3kamMu cuctemH (2.8), (2.9).
PosrasiHeMo npy>kHHII TpaHCBEpPCaIbHO-130TPOIHUI MPOCTIP R3 5 CTHUCHYTOIO

chepoinaabHOI0 TOPOKHUHOI, B SIKOMY (DIKCOBAHO JESKY JEKapTOBY MPSIMOKYTHY

CHCTEMY KOOpIUHAT (X, V,Z), TaK, 0 HAIPSAMOK OCi aHi30TpoIIii cepeaoBuIna 36iracTbes
3 HanpsaMKoM oci Oz . LlenTp nopoxxaunu 3Haxoauthes B Touni O(x, y,z), Bick cuMeTpii
cdepoina napanenbHa oci Oz, miBoci cepoina KopiBHIOWTh dy, d» (d] <d,).

3 Touko0 O 3B’SHKEMO OJJHAKOBO HAIPsAMIICHI 3 cucTeMoro koopaunat Oxyz nBi
IeKapToBl {(xq, ys,zs)}gzl 1 JBI CTHCHYTI c(epoigaibHi {(és,ﬁ sa(P)}g=1 CUCTEMH
KOOPJAMHAT, TaKi, 110

x =X, =c,ché sinngcos, y =y, =c,chi sinngsing,

z =z, :csshg_,s COST - (2.17)
\Y VS
Tyr ¢,>0 — mnapamerp BianoBimHoi chepoinanbhoi cucremu, &g €[0,0),

f; €[0,7], ¢ €[0,27], piBHAHEAM MOBEpXHi ChepoinaTbHOT TOPOKHUHH € & = ~§0) , 1€
dy = cgchEQ | gy = Jv e shED. (2.18)
3a3HayMMoO, II0 HaBEeAEHI BMIIE NOTEHIIaNbHI (QYHKLOII ¢, y KOOpIMHATax

(x sV jssZ js) € TApMOHIYHMMH ()YHKI[iSIMH.



36

VY poborti [127] moOGynoBaHo TOBHI HAOOPU PO3B’SI3KIB CUCTEMU PiBHSAHB (2.1),

peryJisipHi B 30BHIIIHOCTI (BHYTPIIIHOCTI) CTUCHYTOrO cdepoina. 3 HUX BUILUIUBAIOTH

BICECMMETPUYHI PO3B'SI3KH cucTeMHu piBHAHB (2.8), (2.9) B oOmacTsx Of = {%S Z%go)} ,

s=1,2
VEOEq D=g VO E i) - D EL . (2.19)

e

+(6) (F = .y _ O, (ish&) -
u, - (E,M,9) { P (Z,Shé)}l’n(cosn)

Tyrigani P (x), O, (x) — byskuii JIexxanapa mepiuoro i apyroro poxy. [lepemimeHHs

(2.19) y kooparHATHIN pOpMI MAaIOTh TaKUWA BUTIISA;

ks u;a_L(6) (%yﬁs)éz > § = 1’2; (2‘20)

N

17.9%126) (és > ﬁs) = u:l_r(6)1 é

Jc

u, (E7) = {Ql( g)}P (cos).
P/ (ish€)

OO0uncnMMO Halpy>KEHHS Ha TOBEpXHI GQ:{(és,ﬁS,(p):észégo)}, AK1

S : 7(6) 7 =
BI/INOBINAIOTH GasucHuM po3s’sskam Vg, (&g, Mg). [l1s nporo sanumemo 3akon I'yka

JIIA TpaHCBepCaHBHO-iBOTPOHHOFO cepcaoBuIa:

oV, ov, ov. v, v, ov.
Gx:Clla_;+612 6yy+cl3 Z,Gyzclza—xx-l-cll 8yy+cl3 =

9

0z
c,=c Ve Oy +e o, (c —c|2) Py +_8V
2T 5 TG [T Ty Tyl a)| o
oV, , oy ov, dv,
= = 2.21
Tz C44( ~ o j Tz 044[ > e (2.21)

SIK BIJOMO, KOMIIOHEHTH BEKTOpa HANpyK€Hb Ha IOBEPXHI 3 OAMHUYHUM
BEKTOPOM HOpMaJll 7 BHUPAXKAIOThCS 4YEpe3 KOMIIOHEHTH TEH30pa HAINpyXEeHb 3a

dbopmynamu
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Fo.=o.n, +71,,n,+1,n,,

pafty Fy =Tyl + 0,1, + 7,0

YUy oorayrzoe

Iy =Ty iy + Ty, + 0,0, (2.22)

IS (nx,ny,nz) — KOMITOHCHTH OJIMHUYHOT'O BEKTOpa HOpMa 7 .

[TincraBumo Hanpy:xeHHs (2.21) y dbopmynu (2.22). Toxai aj1st nepiioi KOMIOHEHTH
OJEPIKUMO:

ov. ov. oV, 1 v, av.
Fx:nx(cll 8xx+clz éyy+cl3 azzj+”y§(011—clz)[—y+ x}r

ox Oy
+Nn,Cy4 ( aVZ + %) .

(2.23)

Oox 1574

3 dopmyn (2.10), (2.16) BUILIMBAIOTH TaKi CIIBBIIHOIICHHS MK ITOXiTHUMH
KOMITOHEHT BEKTOPA MEPEMIIlICHb:

aVy _ an kﬁVx _ aVz kaVy _ 8Vz 8VZ :_E %4_% (2.24)
o&x oy o0z ox oz Oy oz vi Ox Oy

3 ypaxyBanHsM Gopmy (2.13), (2.24) neperBopumo (2.23)

k Can .0V, ov. k ov. OV
Fx=”x([;(013 +C44)+%]—x 2 ]+

o T2 ;(é—x’“rgy)
+ny,(cpp - 012)% +11,C44(k + l)% =Cy4 i [”x aézx +ny % + ”Zv%j +
+(cp2 _013%)(71)6%_71)/ %} (2.25)
AHAJIOTTYHO JIJIsl IHIIIUX KOMIIOHEHT OJIEPKUMO
Fy, = cyy k:{nx aazy +ny%+nzv%J+
+(c12 —C13%)[”y%—”x %J (2.26)
F,=cyy k; ! (nx a@ZZ +n, % +n,v aazz ] : (2.27)
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[lepeiinemo y ¢opmyni (2.25) A0 IWIIHAPUYHUX KOOPAMHAT, BPAXOBYIOUH

dbopmynu (2.2), (2.3) 1 CIIiBBIIHOIIEHHS
My =N, COSQ =Ny SINQ, 11y, =N, SINQ =7, COSP, (2.28)
e (np,n(P,nZ) KOMIIOHCHTH BEKTOpa 7 y UWIHApUYIHOMY Oas3uci. Kopuctyrouuck

BHpa3aMu HOXiI[HI/IX

V : 0 sing 0O
+n X —(n,cosQ—n,sin@)| coseQ— — V. coso)+
o TG (nycos@—ng, w)( (Pap > 8([)]( ?)

cos O

%J (Vp CosQ) =

+(np sIN @ + 1, cOS (p)(sin(pa%) +

oV oV, i
p tn COS P p —I’I(P Smao

=1, COS ,
e e T T o p P

ov, o,

My & —n, . :(npcoscp—nq)sin(p)(sin(pai+

cosQ 0

%j(lfp sin @) —

: 0 sing O
—(n,sine+n coscp)(coscp—— j(V sin@) =
P ® & p 09

o OV ov
o COS(PVp +75 sm(P—p—n(P sin(p—p,
p p 0p op

3allMIIEMoO

1 vy, o, vy,
Fx:c44k;r [ pcoscp—+n(pcosq) P _n SIn(PV +n,vecosQ—- |+

op p oo ° p oz
k coS sing OV - or
+(c12 — 13 ;)[np p(PVp +in(P6—qf—n(ps1n(p5—; . (2.29)

AHAaJIOTTYHO

oV, ing OV oV,
F, :c44E Mo SINQ—— P +1, S +1g, COS(pV +n,vsing—- P+
Y op p 0 p Oz

sinQ

+(clz—cl3ﬁ) n V,—n,———L +n,cosp—F
v P P p~p p ¢ ¢ op

k+1 ov, 10V, ov,
no +ng— +n,v .
k op p Op oz

cosp v, j

Fr=cyy

(2.30)
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OCKUIbKH
o _o Vg
op oo
TO OCTaTOYHO MOJKHA 3aITUCaTH
. k+1 5V 8Vp V
Fo=F cos@+F),sinp=cyy n, +nZv + (c1p — 13 )n ,(2.31)
\% op /A p
k+1 oV, ov,
FZ =Cyq4 2 (}’Zp apZ + }’ZZV aZZ j . (232)

3anumemMo KOMIIOHEHTH (np,n(p,nz) OJIMHUYHOTO BEKTOPa 30BHIIIHLOT HOpMaJIi J0

MOBEPXHI

2 2
{(p 0,2): p—+Z_—1}. (2.33)
d5  df

B cdepoinanpHux KoopauHaTax (é ¢>Ns>@) PIBHAHHSA MOBEPXHI 3aJA€ThCS TaK:
E, =EO npuaomy c,chE? =d,, \/chshﬁl(-?) =d| i Ha moBepxHi fj=7M,=7. VY
MOJAIBIIIOMY BCIOJI PO3IIISIAAETHCS BUMAI0K \/Z dy>dy (s=1,2). Toni
Mo :H_ldl sinf, 7, =0, n, :H_ldz cosm, (2.34)
ne
5 ~)1/2

= (d12 sin’ n+ d22 cos” M

3 hopmyi (2.17) ogepkuMo Ha MOBEPXHi %S = ~g0)

% — c,shEY Slnﬂ— +JvgeehEl COS” ¢

S

Hn
\/78p+,/ gHn, —
H 0

0
=——| ny,—+n,v,—|. 2.35
M(”pep ] =

Otxe, popmynu (2.34), (2.35) naroTh MOXKIIMBICTh 3aMCcaTH KOMIOHEHTH (2.31),

(2.32) y Burmsazi (s =1,2):
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N[ k107 k. -
F.=—|c¢ P 4 ¢y —cp3 )hEV, |, 2.36
P M @ (c12 13V) &, (2.36)
FZ = C44 kS +1 VS aNVZ . (237)
kg H 0&

Tenep OCTATOYHO MOKHa 3alluCaTh BCKTOPH HAIIPYKCHDb, K1 BiI[HOBiIIaIOTB

YaCTUHHUM po3B’si3kaMm (2.19) Ha moBepxHi & js=i§2) (s=1,2) 3 KOMIIOHEHTaMH

Hopmati (2.34):
FIEO) EO) _ Vs ks +11 0  +6)1,z = \5 _ e O  +6)F = \5
S,n s »MNg) = H €44 v 8% 7P (S P TS Vg 8% u, 7 (EgsMNs)ez |+
S N S
kg .z = o
+(Cl2 —C13 V—S)thﬁgo)u;_rw)l(is,ns)ep}. (23 8)
A

2.2 ba3ucHicTh N0OyA0BaHUX PO3B’A3KIB

VY po6orti [128] Bepiiie chopMyaIp0BaHO TOHSATTS 0a3UCHOCTI CUCTEMHU PO3B’SI3KIB
piBHsHHS Jlame B MPOCTOPOBUX KAaHOHIYHUX OOJACTSAX 1 BUPIMIECHO 3a7a4y 0a3MCHOCTI
JUISL BCIX OCHOBHMX THITIB TaKWX o0jacTel. Biapln mocTynmHUM BUKIAA IUX PE3yJIbTaTiB
HaBeneHO B crarTi [129]. 3a awnanorietro, y po6oti [131] Oyno BBeAeHO MNOHSTTS
0a3uCHOCTI CUCTEMU PO3B’SA3KIB PIBHAHB (2.1) y BicECHMETPUYHIN TOCTAHOBIII, & TAKOXK
JOBEACHO Oa3HMCHICTh PO3B’SI3KIB IS  BHUMNAAKY TPaHCBEPCAIbLHO-130TPOITHOTO
BUTSTHYTOTO cpepoina. Y mpomMy TOCHIIKEHHI Oy/ie OTPUMAHO aHAJIOTIYHI Pe3yabTaTh

JUISl CTUCHYTOTO c(epoina.

o, 2

O3nayenns 2.1. Cuctemu BeKTOp-(QyHKIIN {an (és,ﬁs )} oot OyzeMo Ha3HBaTH
n=0,s=

: . +
0a3MCHUMH BICECHMETPUYHMMHU CHCTEMaMHU PO3B’s3KiB piBHSIHB (2.1) B oOmacTsax -,

SIKIIIO:

0,2
>t [ ~ ’ C o
1) BekTOp-PyHKIII { Ve (&S,T]S )}n—O ., € PerynspHAMH JiHIHO He3aneXHUMH

. +
pO3B'sI3KaMu cuCTeMH piBHSIHB (2.1) B 001acTax



2) icHye HaOIp cTaaux {as’n}oi’oz _, TaKuii, mo byukmis V :ZZasn fn(és,ﬁs)
T s=1 n=0
3a/I0BOJIBHSIE YMOBH:
a) Vecz(Qi)mc(Qi),
7, . = ;[b,ﬁl)efl) (cosf)&, +5,P, (cosT)e, |. (2.39)
Teopema 2.1. 3a yMOBHU V| # V) BEKTOp-(PyHKIIT
@ 750 EL i - Ve G ) VO G i o (240)

. + .. . . .
B oOjacti 2" yTBOPIOIOTH 0a3MCHI BICECUMETPHUYHI CUCTEMHU PO3B’S3KIB PIBHAHB (2.8),

(2.9). Kpim Toro, nisi BU3HAYHUKA PO3B’A3yBAIIbHOI CUCTEMH TEPILIOT KpaioBO1 3a/1aul B

o6macti QF ms piBrstHb (2.8), (2.9) npu 7 > 1 BUKOHYETHCS OIiHKA

A+ ) 1) [Vi—Va| d ’
| & &) —1— C13+ |Qn (iq1) 0y (iq )|2max(V1,V2)(l’l+1)d2

(2.41)

0 — 0
ne gy =ch&g, g, =sh&;

JloBenenns. Ilo3HauMMO TIpaHMYHY TOBEPXHIO obmacTi QF K IOBEpPXHIO

2 2
cdepoina Pz =1, npuuomy d;/d» <m1n{\/7 ,A/Vo }. Hns ii omucaHHSA 3pydHO
s di

KOPUCTYBATHCS JTBOMa CTHUCHYTHMH CHCTeMamMH c(hepoigalbHUX  KOOpAWHAT
{(és,ﬁs,(p)}gzl (2.17). Toni piBHSHHS MOBEpXHI OC) 3a7a€THCS PIBHIHHAM g_,s = g_,(s) , 1€

~0 ~ . . .
c,chly =dy, \JvecgshE =d|, 3Binku oTpuMaeMo Take CITiBBiIHOIIEHHS:

¢o =, [|dy - (2.42)

Jlns oOrpyHTYyBaHHS 0a3MCHOCTI 30BHINIHIX PO3B’s3KiB (2.19) posrisHemo mnpu

n > 1 BU3HAUYHUK
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1), .— 1), .—
16,0 £0 ) (i)
Ay DO ED ED) = R ky | (2.43)
- Qn( 1) _—Qn(ZQ2)
Wi W
[Tokaxkemo, 1110 11eif BU3HAYHUK HE JOPIBHIOE HYJIIO, Ta OTPUMAEMO HUXKHIO OI[IHKY MOT0

moayds. [IpencraBuMo BUSHAYHUK Yy HACTYITHOMY BUTJISIIL:

2,0 =00 i)V i ){ e 0) _ 0 Q"(@)} (.44)
L Paa e o)

C11Vs —C44
C13 tCyq

Bpaxosyroun, mo kg = , BU3BHAUHUK A;(1)6 MOXHA TTOJaTH y BUTJISIAL:

- _ 1 - G 1 — 7
A0 - ﬁl)(lﬁ)Qﬁl)(l%)l: U S A Sy }
\/G 3 tca Q0,7 (iqy) \/E 3 +Caq O, (iq7)

_Q;gl)(ZQI)Q;g)(lCD)}l:—_'_C4[\/7 %) rQﬂ(lqz)J

oV Gigy) oV (izy)
Cq4 ( 1 Qn(lCIl) 1 0,>q7) J . (2.45)
Caz+eu Wi oPag) V2 0D ag)
JIJ1st TOabIIIoro aHaIi3y PO3TIASTHEMO (QYHKITIIO
)=y Qg)("q ) | (2.46)
o (i9)
e
— <0 dl
g=shf’ =———.
Jvd3 —d?
[Toxaskemo, 1110 BOHA MOHOTOHHO criajiae Ha miBoci R . O04ucinemMo noxiaHy i€l
byHKIi
d0,(iq) 1) a0 (iq)
dev) _ 1 0,@) o d O DD g

dv  2Jv oV (ig) [0V (i) dv’

BpaxoByrouu, 110
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dg 1 _»

—~ =——0q°, 2.47
Iy 2qu (2.47)

OTPUMAEMO:

dr(v) _ 1 1
dv. 20v o)

d0y(iq)

2 M (ig) -

{Qn (zq)Q@(zq)—iaqz[

a0 (i7) 1 1 D = (D) g2
-0, (ig) = }} NI @0 @) -7l 0 (@D +
+n<n+1)aq[Qn<ia>]2—¢72Qn<z'a>Q,9><z'a>}. (2.48)

Posrimanemo Bupas

1 2 — — — — —
n = =G40 @) +n(n+DGgl Oy (@) ~T°0, (O (ig).  (2:49)
Moro MOXHa IEpPEeTBOPHUTH 33 JONOMOTOI0 PEKYPEHTHHX (GopMyn At QyHKIit

Jlexanapa npyroro poay:
=GO ) [~i(n + 10,11 (T) — (n+1)GO, (i) + n(n + 1)7ql 0, (i) -
720, OP (17) =i (n + D)0y (DO (i) + (1 + 1)@)* 0, (IO (i7) +
+n(n+1D3q(0, (D)) ~ T (DO (i) = iG (1 + 10,11 (T)O (7) +
+1(@)* 0, @O (@) + n(n + DGGLQ, (DT =G (n + Q1 (DO (i) +
+130, (D[FOL (i) + (n+1)90,(i7)] =
=i (n+ D)0, 1 (DOV (i) - inG 0, (ig) 0\ (i7) . (2.50)
OcraHHiil Bupa3 Moxke OyTH IEPENMCAHNIT 3 YpaxyBaHHsAM IHTErpanbHOi GopMu
(dyHkuii Jlexxanzapa gpyroro pomuy.

nl % ch(mt)
(n—m)! 0 (z+\/z2 —lc:hl‘)'/hLl

[Ticns gesskux nepeTBOpeHb OTPUMAEMO:

ig(n+ 10,1 () 0L (i9) - ing0, (i) O\, (ig) =

o{"(z) = (-1)" dt . (2.51)

nn+1 cht — chs)?
- qq §I’l+2 ) j J‘ ( n+2 ,— ) n+2 dtdS, (2.52)
0 0 (@ +qcht)""“(q +qchs)
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3BiI[KI/I BHUIIIIMBA€ IMOJaHHA

div) 1 0,(iq) gan(n+1) 0% (cht —chs)? s —
dv 2 D7) a0V GDE § o G +geht)2(F + qehs)"2
1 0,3i7) gan(n+1) 5% (cht — chs)?
= 1 — dtds. (2.53
2 o) A 10D o @ +acht) 2@ + qehs) 2 239
dt(v)

®opmyna (2.53) 1oBOAUTH BiJl'€MHICTh MOX1AHOI . OTKe, IMoKa3aHo, 110 BBEJECHA

dv

¢yukis T(V) MOHOTOHHO cragae Ha miBoci R, . Kpim TOro, BUKOHY€ETHCSI HEPiBHICTh

div)|, 1 10,69 2.54
av | 2Jdv oW ag)) o
1 0,3q)
Vv oD (ig)

[Tokaxemo, mo gaHa QyHKLISA o(V) =

€ MOHOTOHHO 3pOCTAa04Y010 Ha

nojatHiil miBoci R, . Jlng nporo 3Haiaemo ii moxiiHy. AHAJIOTIYHO O MOINEPEIHIX

06‘1HCH€HL, Ma€EMoO.

9T o doi) (i)
dG(V) 1 Qn(lCI) Q()(Q) O, (ig)—"—— dz dq:

dv 5 Jy3 oM7) f [0V (ig)1? dv

o 2% [Qmi-—)]z 0, @0 @)+ Tgl 0} (7)) -
A% n \1q

~n(n+ G0, T +7°0, (DO ()] (2.55)

[lepetBoprMO BUpa3 y GITYpHUX JyKKaX, BHUKOPHCTOBYIOUM PEKYpPEHTHI

CIIiBBiHOWEHHS Ay QyHKLi JIexanapa Apyroro poay:
0,0 (17) +7gl O ()T —n(n+1)7q[0, (D)) +7°0, (DO (17) =
=7q[O D)) - n(n+1)qq[ 0, (D)) + 40, ()0 (i) =
=GOV G[=i(n + 10, 41(7) — (n + DO, (i7)] - n(n + D Gql O, (i) +
+q° 0, DOV (i7) = ~ig (n+ DO (17) 011 (i7) — (n + 1)(@)* O (19)0,(i7) ~
—n(n+DFq[0, (DT +°C, (@O (@) =-ig (n + DO (i7)0,41(i7) -
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—(n+ 130, (@)[FOP (@) + nqQ, (@) + ¢°0, (170N (ig) =
= —ig(n + 1OV (19) 01 (i7) +i(n + 170, (7O, (i) + (n + D Fg[0,(i7)]

+* 0,0 ) = -+ D], DO, (@)~ O () 0y 1 (D)) -

190, (i7)0p.1(i7)|. (2.56)

OxpeMo nepeTBOpUMO BUPa3:

igl0, (7)), (i) - OV (i7) Oy 1 (i) = i7 {Qn ()ligoP (iq) +i(n +1)q0,(i7)] -

-0 ”(zq)[qun (i7)+ =0 (zq)}} =i*Gq(n+1) {[Qn () ——— ,(,”(@12} =
(n+1)

"o (iq_)}. (2.57)

qq(n+1) [inHQn (iq) - Li"“ 1)( q)}[ n+1Qn (i7) + —— |
n+1 nel

- ;2n+2

OcranHiit MHOXKHUK Y popmydi (2.57) MokHa 3anmucaTH Tak

n — 1 N — N/ — n — — —
i “an<zq)+mz oW ig) = ™90, (i7) +"[0y41(T) - g0, (i7)] =
=" g~ 9)0,(q) —i" 0,1 (i) (2.58)

[IpeacraBuMo ocTaHHINi BHpa3 3a AOMOMOTOI0 IHTErpaJibHOTO MmoAaHHs (2.51)

@ 1

i+l n+2 — dt =
(¢ -0, (i7) "0y 41(iq) = (I) r +qcht)n+1 (I,(q P
oy T@-a) g +qch)-1, _Talg-g)(cht-1) (2.59)
0 (q + qcht)nJr2 o (@+ qcht)n+2
do(v)
Ma€ BUTJIA

OcTaTo4HO NOX1gHa
\Y

do(v) n+l

dv _2\/\/73

— ””Q;(ql)(lq)}[ 10, i)+ —— ””Q,S”(iq)}

) gq(n+1) ‘: n+1
{iz””[Q,S”(iq)] Onti =
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ZQQn (lq )Qn+l (ZQ)} (2.60)

oV i)

Ockuibku 3 mojanHa (2.59) BuIUIIMBae, IO APYrMl MHOXXHHUK Yy KBaJpPaTHHUX

nyxkax popmynu (2.60) € qogaTHUM, TO BUKOHYETHCS YMOBA

do(v) >0 veR,,
dv
T00TO cama QyHKUII G(V) = 1 9,69 MOHOTOHHO 3pocTa€ Ha nmiBoci R
W o)

BpaxoByrourn BCTaHOBJIEHI BJIACTMBOCTI MOHOTOHHOCTI BiAMOBIAHUX (YHKIIIH,
MO>KHA 3pOOUTH BHCHOBOK, 1110 00UJBa OAAHKU y dopmydi (2.45) MarOTh OJTHAKOBUUN

3HaK. OTKe, MaEMO:

\/* 0, (iq1) \/‘ 0,0q2)

oV ig)) oM(izy)

Cxkopucraemocs: popmysioro Jlarpanxa Jijisi 3a1Ucy MOJYJIE OCTAHHHOTO MHOMHHUKA

|AFDOED ED))> |Q,$”(zq1>Q§}><zqz>|
013 + C

.(2.61)

y dbopmyii (2.61):

On(iqy) Onligy) | _|dT
WV = vy SR = 2 ) vy = va
Qn (l‘h) Qn (lq2) v
7ie | po3TallloBaHO MIXK V| 1 V5. Toxi ouinka (2.54) cyMiCHO 3 HEPIBHICTIO
d__ g _10,6| g _ vd L G>0, neN (2.62)

Wan+d, (+Dg |0V 7)] T ARCESIY)
nae npu n > 1

[Vi=Vvy| d;

|AFDSED ED) > — AL oM (ig)oP(igy) | .(2.63)

13 +C44 2max(v1,v2) (I’l+1)d2

Tenep po3ryistHEMO BEKTOP-GYHKIIIT {I7L?+(§6)(§S, n S)}gzl 3 HaOopy (2.19). Bonu He

€ peryJspHuMHE B o6nacti ', ToMy 3aMicTh HUX BUOMPAETHCA TX JIiHilHA KOMOiHALIis
“154+(6),2  ~
VOG-V o o) (2.64)

sgKa BXE peryJisspHa B yKaszaHid oOsacti. J[Ji1 0CTaTOYHOTO BCTAHOBJICHHS JIIHIMHOL

HE3aJIeAKHOCTI BCIX (PYHKIIIH cCUCTEMH, HaBEIEHOI B (DOPMYJIIOBaHHI TEOPEMU, TOCTATHHO
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JIOBECTH, 110 Z — KOMIIOHEHTa BEKTOp-QYyHKIIT (2.64) HEe MEepPeTBOPIOIOTHCA HA HYJb Hi

IIpU AKUX 3HAYCHHAX napaMeTpiB. Bona mae BUTIJIAL

Cz\/»Qo(ZCD)— 1\/7Q0(IQ1)

Posrnsaemo ¢yHKIIi0

(2.65)

k _
0(¥) === 0,(i). (2.66)

3naiizeMo noxiaHy mi€i ¢yHKIil, BpaxoBytoun dopmynu (2.13), (2.18), (2.42),
(2.47)

dov) 1 d {cllv Cas

v a’1 v a9 (lq)}

€13+ Cay

1{ ‘U qQO(zq)+M[—iangoac?)—%@%Q&”(@}=

a’1 c3tey c3tcu L 2v

L eav—cy

1 - (D
dl{cm T eus q09(i9) 2 Cs +Cas QQ[C]QO(ZQ)+C]QO (zq)]} (2.67)

[TepeTBOpHMO OCTaHHIM BHpa3 3a JOMOMOTOI0 peKypEeHTHUX (hopmyi s hyHKIIiH
Jlexxanpa npyroro pony
ey (1) e (1), — — ; D, — — —
900(iq) + 70 (1) =~i0{" (i), Qy(7) +14 05 (i7) = iFQ, (i) .
B pesynbrarti

do(v) 1

Cl1 =~ (= i 499 .0 Cas 49 . ~0)
= qQo(iq) + 10 (q) - —=—_=i0 (zq)}
dv 4, {CB tCay Ci3 +Caq 2 Ci3 +Cqq 2V

=

1 Cr c
_ 2 + (D 44 qq 200
: dl{cl3+c44 1200 +4i*0 (i) | - 0" (ig) =

Ci3+Caq 2V

=L{ U0, iq)+ 70, | -2 200 ;g >} .68

id, | c;3 +Cyq Ci3 +Cyy 2V
3 iHTerpanbHOro noganHs (2.51) BunnuBae

oo [ 27+cht
i00(i) +1°30,(i) = [ " ar,
0(q+qcht)

10 BUpa3 y KBaIpaTHUX AY>KKax MpaBoi yactuHu hopmyiu (2.68) € nonaruum. Tak camo
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i ocTaHHii moKaHOK y QirypHuX myxkax € gogatauMm. Tomi gyukiis i0(V) MOHOTOHHO
3pocrae Ha miBoci IR . Ile o3Haydae, mo Bupas (2.65) He nepeTBOPrOETHCS HAa HyJIb. btk

TOT'0, MOYKEMO OIIIHUTH

_%0 —\2 %
¢  lgf 2g+ch dr>_Cu (q) dt S

40(v)
> > >
‘ O3+ Cyq dy 2 (@ + gcht)? C3+Cyy o (@ + gcht)’

dv

>_ ‘1 @)’ a1 ¢ @)’ 1 a4 .
C13 + C44 qzdl 0 (1 + Cht)2 3 Cl3 +C44 qzdl 3 013 + C44 Vd22

Tenep O0CTaTO4YHO MOXKHa OHiHI/ITI/I

>_ 1 dl |V1 \) | ) (2.69)
3 ¢13+c44 d5 max(vi,vy)

szQO(ZQZ)_leQO(ZQI)

Ha mincraBi ominok (2.63), (2.69) Mo)KHa CTBEP/IKYBAaTH IIPO BUKOHAHHS MEPIIOT

YMOBH 0a3UCHOCTI JIJIsl BKQ3aHUX BEKTOP-PYHKIIIN {V+(6)(E_,S, n S)}n ls=1

[TepeBipuMo npyry ymoBY 0a3ucHOCTI. Po3riissHeMo mepiry KpaioBy 3amady s

cuctemu piBHSHB (2.8), (2.9) B o6macti Q" 3 rpannuHO0 yMOBOIO (2.39). Ti po3B's30k

OyJ1IeMO ITyKaTu y BUTJISI1

2 N .
r=> X as,nVsj,Lr(z@(&saTls)a (2.70)
s=1n=0

ae ag ., HeBiioMmi koedimieHTH. Ilepexoasum 10 koopauHatHoro Burisay (2.20)

nepeMIIlCHb V;,g@(ﬁs, Ng) 1 3aJ0BOJBHAIOUN TpaHUYHI yMOBH (2.39), 1J1si BU3HAYCHHS

KOe(ILIEHTIB g ,, OTPUMAEMO aNredpaiuHy CUCTEMY

k k
cay , +cap , =0, 00 (g ay o +—2= 00 (i32)as o = by (2.71)
\[VI ’ 1/Vz ?
oV iq)ay, + O (i@)ay , =—n(n+1DBY, n>1; 2.72)

k — k —
_—lQn(ZCIl)al,n - —/Z_Qn(ZQZ)GZ,n =by> N >1. (2.73)

Busnaunnkamu cuctem (2.71) 1 (2.72), (2.73) € Bupasu (2.65) 1 (2.43) BiamosigHo.

OckUIbKH BOHM BIJIMIHHI B1Jl HYJIs1, TO cucTema (2.71) — (2.73) Mae equHuid po3B’ 130K
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-1
_ b_O ko — ky —_ 274
ao o |:02\/g Oo(ig2) Cl\/q QO(ZC]I):l > ( )
-1
__b|_k . B 2.75
a0 o l:cz\/g Oo(ig2) q\/ﬁ [0 (ZQI)] > ( )
k _ _
ﬁ n(n+1)0,(iq)b" — 0(ig2)b,
_ N2 >1: 2.76
o A0 @E.ED) e =
_ k _
D (ig)b, - ﬁn(n +1)0, (ig))b"
ar p = V1 ,nx1. (2.77)

ADSED E9)

3 oTpuMaHuX po3B’sA3KiB 1 popmyi (2.62), (2.63) BUIIMBAIOTH TaKl OLIIHKH:

k — —
% n(n+1)] 0, @) |6 |+ 0V (i32) [ 5, |
2

<

lay, < ——
" 1A DS ED D))

+cgqq4 2max(vy, v +1)d k iq-
SCBC 44 & (_\1) |2) (n (1)) 2 {' 2|n(n+1)—|Q('11)( ?_2” 165D |+, }s
11 1=V2l  di Oy (iq) [ V2 1Oy, (iq2) |

< C13+Caq 2max(vy, vo)  (n+Ddy {I k2lda b 415 q (2.78)
— n n b
€1 vi—val a0 G|l 4

_ k —
10D i) |15, |+wn<n+n 10, () 16
1

| az n |S <

1A DOED ED)

_ Ci3+eas 2max(vy, v (n+1)d, {kllnnﬂ Qn<i(71>|b’gl)|+bn}g

(n+1)
11 Ivi=val  dy10W(igy) || VVi 10 gy
_Ci3 +cqq 2max(vi,va)  (n+Dd; {|kl|d2n|ba>|+|b @. 2.79)
aq IVi=Vv2l  d10,(igy)| 1

Tenep chopmynroeMo yMOBHU iICHYBaHHS PO3B'SA3KYy KpaikoBoi 3amaui (2.8), (2.9),

(2.39) B obmacti QF y Burmsaai (2.70). st mporo ouiHumo wieHd psxy (2.70) 3a
JIOTIOMOTOI0 OTPUMAHHMX BHIINE pe3ynbTariB. Ilepmr 3a Bce, 3a3HayuMo, W0 3

IHTerpaJIbHOrO ToAaHHs (2.51) BUIIJIMBA€E TaKka HEPIBHICT:
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nl % ch(mt)

| O™ (ishE) |= o d =
" (n—m)! (sh€ +ch&chr)""!
__n 1% ch(mt) P 1 % ch(mp) g
(n—m)! (ch&)"™!  (shE / chE + chr)™™  — (m—m)! (ch&)" ™ () (7 / g+ chr)"™!
_ 7! qn+1 o0 ch(mt) g qn+l | Q(m) @]
(n—m)! (ch&)™! (7 +qcht)™' (chE)™1 "
3BIIKM MA€EMO PIBHOMIPHY OLIIHKY
(m)/: 1.2 n+l L
| Qn (ishg) | < q E> é;(O) . (280)

00| (chg)™!
Unenwu psiay (2.70) Mo>kHA OLIIHUTH HACTYITHUM YUHOM (77 >1):

2 —_— ~
> ag VO Egu i)

s=1

<3, || QL GshED I PV eosiy)
_s:l 5.1 n(n+1)

2
— 6 ~ -
< ag, 1V 7)<
s=1

+Qn(ishés>|Pn<cosﬁs>|}

2 n+l1
<> Cy(n|b | +|b, )(éj , 2.81)

s=1 N
ne kKoHCTaHTu C € JOAATHUMM 1 3aJI€KaTh TUIBKU Bif s .

Ouinka (2.81) noka3sye, 1110 NpU BUKOHAHHI YMOBH

S (n]6) |+ b, ) <o (2.82)
n=0

psaa (2.70) 30iraerbcsi abCOMIOTHO 1 PIBHOMIPHO IIpHU ES zégo) Ta HOro MOKHa

HECKIHYEHHO JTU(EPEHIIIOBATH 4YICHAMHM B 00yacTi &g >§§O). OcTanHe O3Hauae, 110

dbopmyna (2.70) 3amae po3B'a30k KpahoBoi 3amaui (2.8), (2.9), (2.39), axkuil HaJIEKUTH

kinacy gynxuin C 2QHNCEOQY), mo 3aBEpILYE TOBEAECHHS TEOPEMH.

Teopema 2.2. 3a yMOBH V| # V, BEKTOp-(pyHKILIT

A RGN B e g (2.83)
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B oOmacti ) yTBOPIOIOTH OA3UCHI BICECUMETPUYHI CUCTEMH PO3B’S3KiB PiBHSIHB (2.8),

(2.9). Kpim Toro, nisi BU3HAYHUKA PO3B’A3yBaJIbHOI CUCTEMH TEPIIOT KpahoBO1 3a/1a4i B

obnacti O mis piBHSAHB (2.8), (2.9) ipu #7 > 2 BUKOHYETHCS OIIHKA

d_n-1 |vi-vy|

|84,V @, 89 bl B i) PP (i7) | — 1L

a . (2.84)
C13 +Cyq4 d2 n(2n - 1) max(vl, V2)

180 = 420
ne gy =ch&y, g, =sh&;
JloBeeHHsl. AHAJIOTIYHO 70 MOMEPEAHBOI TEOPEMH, TIPHITYCTHMO, 1[0 TPaHHYHA

2 2
: - . z
noBepxHsi  obmacti €2 € TmnoBepxHi cdepoina p—2+—:1,
2

dj

IPUYOMY

dy / dy <min{\/vy, V5 }. s ii onmcaHHs 3pyYHO KOPUCTYBATHCS JBOMA CTHCHYTHMH
cucTeMamu cepoiTaibHIX Koopz[HHaT{(ES,ﬁ sa(P)}?:I (2.17). Toni piBHSIHHS TTOBEPXHI1

0Q 3amacThCs PIBHAHHAM & :ég, ne cschég =d», ‘/VSCSShéS =d| i BUKOHYEThCH
criBBigHOIIEHHS (2.42).

st oOrpyHTYBaHHS 0a3MCHOCTI BHYTPIMIHIX PO3B’s3KiB (2.19) posrasHeMo mpu
n >1 BU3HAYHUK

1), .— 1),.—
| Ea@ R
G R I Y NN
———h,Giq)) ——="F,(iq7)

N s

JloBenemo, 110 JaHW BUSHAYHHUK HE JOPIBHIOE HYIIO, TA OTPUMAEMO OIIHKY 3HU3Y IS

(2.85)

fioro moysst. [ iboro mpeacTaBUMo HOTO Y HACTYITHOMY BHTJISII:

ki Pq)  k B(iq)
Wi DGz V2 POgy)

Cl1Vs ~C44
C13+C44

A,V = PO (ig )PV (@{ } (2.86)

Bepyui no ysaru, mo kg = , BU3HAYHUK A;(1)6 MOJKHa IIepenucaTy y

BUTJISII:

_ — — 1 ¢c1vi—caa P,(ig 1 ¢ vy —cqa P,(ig
A”(1)6 :Pn(l)(lql)Pn(l)(l%)L/Vi 1’1 1+c N (’i)( qi) _\/7 101 2+c . (nl)( qz) }:
1 €13+ C4 P, (iq) Vo C3tC44 BV (igy)
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Pé”(icﬁ)P,F)(iaz){q—l(W 09 _ [y, L@J_

1
13 +Ca4 P (ig)) PD(igy)
Y 1 FGq) 1 Fg) i (2.87)
a3 +eaq Vi BOGg) V2 BVGgy)
Posrnsaemo QyHKitio
o) =D (2.88)
P 7)
I (S
q= shéo = a

[TepekoHaeMocst y MOHOTOHHOMY 3pocTaHHI1 ¢yHKIIi Ha miBoci R . Buznaunmo
NOX1JIHY (YHKIIIT:

dB(iG) (1) iy _ p iy 80T
W) 1 RG@ o e DD ag
dv  2dv PO (ig) AV ) dv

BpaxoByrouu Gpopmyiny (2.47), orpumaemo:
dt(v) 1 1
dv. v RV ag)P

(PGB () - gl PV 7P +

+n(n+1)gql B, ()Y ~3° P, (ig) By (@} . (2.89)
Posrasiuemo Bupas y QpirypHux aykkax nonepeanboi popmynu

— D= = D, .— — — _ — —
Iy = By G@) PV ()~ GgL PV @) + n(n + Daql P, @)Y ~ 3P, (i) PV (i) - (2.90)
Moro MOXHa TepeTBOPHUTH 3a JONOMOTOK0 PEKYPEHTHHX (opMyn 1t QyHKILiit

Jlexxanapa nepuioro poxay:
1, = P,(i@) PV (i7) - gql PV )P + (n + D)@, P (ig) + 7PV (i )] -
-7%P,(i9) PN (i7) = B, (i7) PV (i7) - Gql PV G)F +ig(n + )P, (ig) PO (i7) +

+g2(n+ ) B, (i) PV (iq) - 7P, (i) PV (i7) = B (i) PV (i) -
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~gPN (i) gP) (17) - G(n + D PG + iG (n + 1) B (i) Py (i7)
~@)* B(i) B (iq) = B, (i) PV (i) — GB (i) [ink, 1 (i) — 7P, (i7)] +
+G(n+ DB, (TP () - @) B (i) B (i7) = P, (i) B (i) -
~ignF, 1 (i§)B"(i7) +ig(n + DB, (7) P2, (i7) = P, GDiGP, (iF) +ignP, 1 (i7)] -
~ignB,_1(iq) Py (i) +iq (n + ) B, (i7) P2, (i7) =

= ignP,_1(ig) P, (i) ~ ignF, (TP (i) + i (n+ 2) P, P (7). (2.91)
Posrmanemo taky cymy:
(" [4Py1(@) Py (i7) ~ TP (DB ) + GRGD RO ()], (2.92)
OcranHili BUpa3 3alMIIEMO, KOPUCTYIOUUCh PO3BUHEHHSM (yHKIIT Jlexanapa
HEPIIOTO POy B CKIHUEHHY CyMy

B (ig) =i"q"™ n , (2.93)
=0 2"k\(n—k)\(n—m-2k)!
1e [x] — IIiJIa YacTUHA YHCcTa X .
[Ticns neskux mepeTBOPEHb OTPUMAEMO:
(=i)*"[¢P,_1(i)P,(i7) - gP,_1(i9) PV (ig) + 7B, (ig) PV (ig)] =
k=0 p=0 2 k\(n—k-D!(n-2k)!pl(n—-p—-1)(n—-2p)!
dt(v)

Tenep dbopmynu (2.89), (2.91), (2.93) nokaszywTs, 110 € JI0JaTHOIO TIPHU

dv

ve(0,0), Tobro ¢yHKmis T(V) MOHOTOHHO 3pocTae Ha miBoci R, . Bimbir Toro
BUKOHYETHCS OIlIHKA
duv) | g | B B (i)
dv. v R

1 P(iq)
Vv PO (i)

(2.95)

Tenep mokaxkemo, mo QpyHkIisA o(v)=

€ MOHOTOHHO CITaJHOIO Ha
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niBoci R, . 3 miero MeToro 0O6uucIuMo MoxifgHy (QyHKIii. AHAJIOIIYHO JO MONEpenHIX

MIpKyBaHb, OTPUMAEMO:

d G(v) 1 1 ) )
dv , \/7 [ P(l) D {P (iq)F, ' (iq) + qql B, Q) -
~n(n + DGR GV + 3B, (DB 7). (2.96)

[lepeTBoprMO BUpa3 y (IrypHHUX Ty>KKaxX 3a JONOMOIOK PEKYPEHTHHX (opMyI

uist dyHKiit Jlexanapa nepmoro poay:
B, () PV (ig) + Gal B GV - n(n + Vgl B, ()1 + 7Py (i7) B (i) =
= ¢*B, (i) B"(i7) + Gl BV )Y — ngb, ) -iP, (i7) - V(i) =

= P, (i) B (i9) + qqL B )Y +ignP, 7))\ (i) + (@) nP, (i) Y (i) =

=¢*B,G) B (17) + GV (@) [gB" (17) + G (n + VB, (i) - (@) BV (q) P (i) +
+HGnP, (1) Py () = By D) B (i) ~ G (n + 1) By (i) PV (17) + iGnP, (i) P, (17) =
= P, ()R (i) ~ g ) )] - ig (n + 1) By i) BV () + i (n + 1) B (i) P, (i) =

=—ig(n+1)P, (i) By41 (i) — i (n+ )P, GT) PV G7) + i (n + 1) By (7) Py (i7) =

=i+ 1)| B, GT)By 1 (D) + TE, 1 (DB (D) ~TEGDED (D) | 2.97)

[TinctaBuMO y BUpa3 y KBaapaTHUX AyxKkax dopmymnu (2.97) cymu (2.93). Ilicns

JCAKUX HepeTBOpeHB OTpI/IMaCMO
— — — — 1), .— — .
4P, (i) Py (i) + GF1 (i) PV (i) - 3P, (lq)Pn(ﬁl(lq) =

22n iz0  poo Kln- k)'(n 2k+1)' (n—p)(n=2p+1)!

(2.98)

Tenep dpopmynu (2.97), (2.98) nokazyroTs, 1o noxijaHa (2.96) € Bijx’eMHOI0, TOOTO

1 P
Vv P (i)

BpaxoByroun BCTaHOBJIEHI BJIACTHMBOCTI MOHOTOHHOCTI PO3IVISIHYTUX (YHKIIIH,

cama ¢pyHKIisI o(V) = MOHOTOHHO crajae Ha miBoci R .

MOXKHA CTBEP/KYBaTH, IO OOMABA JIOJAHKH B KBaJpaTHUX TyXKax y ¢opmyii (2.87)
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MaloTh OMHAKOBHI 3Hak. OTKe, BU3HAYHHK IA;(D6(§?,§8)I¢0. Bibin TOro, MoxHa
3aIiCaTy:

P(Wl) \/731(@2) (299)

1A, D0 ED,ED) 15 BV (i) PV (i ) | — L )
" " " "Dz PO (ig,)

C13 tCyq

JIJ1st OCTaTOYHOTO JOBEACHHS TEOPEMU HEOOX1THUM pe3yJIbTaT HACTYITHOI JIEMHU.

Jema2.1.Ilpu n>21i¢qg = Shé > (0 BHKOHYIOTBCS OLIHKH

PO (i)

(n=1) 2.100
P (ig) .

2n-1)g’

d__q _|BGD| _q _vdy

= L (2.101)
Jvndy  ng - |PDGg)| ng  ndy

Nosenennsi. Jlosenemo nepmty owminky. Jns nporo Ha miBoci & € (0,00)
PO3IIISIHEMO (PYHKIIIIO

i PDag)

D=7 P“)(zq)

(2.102)

Bona npuiimMae nonatHi 3HaueHHs. JloBeaemMo, 1110 BOHa MOHOTOHHO CHajia€ Ha BC1d
niBoci. [[is 11p0r0 mepeTBOpuMO ii 32 JOTIOMOTOI0 PEeKYPEeHTHHX (hopMyn st GyHKITH

Jlexxannpa

v(g) =

1 _ — ) — —
i P()(zq)_quPél)(zq)—lann(lq):_Hin 5D 5 103)
g PVg) 7 PO ig) 7 PY(iq)

3naitnemo noxinny ¢yskiii (2.103)

1dv@ __ 1 _Ba@ g | dBGD) 1y oy p oy ARG |
n dg g2 Pé”(z‘q‘f&[Pé”(z‘@]{ A

- IZD(Zq) t= (1§] 5 (i67)|:7’l(7’l+1)Pn(iq)—an(l)(i§)}:
g PVag) @ q[P (ig)] q
1

= — 55— |1+ TR ED @) + Gl PV DY ~Ggn(n + DB, (DY |-
(g5, (i)
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[ToximaHa (g) JMIIE B1J’ €MHUM MHOKHUKOM BIJIPI3HSIE€THCS B1j MOX1AHO1 (2.89),
TOMY 3 MONEPEIHbOr0 JOBEACHHS TEOPEMHU BUIUIMBAE, IO BOHA € BiJ €eMHOW. OTXKe,
¢ynkuig v(g) monotonHo cnaznae Ha miBoci & € (0,00). Toni HaiiMeHIIe 3HAYEHHS 11
byHnkis npuitmae pu & — oo . CKopucTaeMOCh acCUMNTOTHKOIO PyHKii JIexxanapa npu

§— o

v(q) = (zq) n-1 , %—)oo.

P(”(zq) 2n-1)g*

B pe3ynbraTi mpuxoaumo 1o ominku (2.100).
Ouinka (2.101) BuruinBae 3 peKypeHTHUX Gopmy s GyHKui Jlexanapa.
3aBepuieHHs1 JoBelleHHs Teopemu 2.2. Ternep MoOXHAa OTPUMATHU OCTATOYHE
noBesieHHs: Teopemu 2.2. CxopuctaeMocs Gopmyroro Jlarpanxka aJjisi HOJAaHHS MOIYJIS

OCTaHHBOT'0 MHOKHMKA y hopmyi (2.99):

\/7 P, (iqy) \/g P,Gqp) | _

PO g)) nyl)(lqz)

Jie L pO3TalllOBaHO MDX Vi 1 V5. Toxi HepiBHICTH (2.99) cymicHO 3 omiHkamu (2.95),

dt

— (W)

Vi—Vr |,
I [vi—vy |

(2.100), (2.101) nae mpu n > 2

d n-1 [vi—v;|

1A, D8ED, €9y 1> PO (igy) BV (i) | —LL . (2.104)

C13 tCq4 dz n(2n — 1) max(vl, V2)

Posrimsiremo okpemo Bumnagok # =1. /[nsg HbOro MokHa 3anucaru

(1 1
A @. ) =-RAV g A (igy) ——L (———j,
ci3+caq dy\( Vi V2

3BIIKHU

06,20 2 O d_|vi -
AT, ED 1 AV || A gy | —— L M=l (2.105)
€13 + 44 d2 max(vi, v3)

[TepeBipuMo apyry ymoBy Oa3ucHOCTI Jyisi Habopa BeKTOp-QyHKINA (2.83).

PosrisiHemMo miepiity KpailoBy 3amady Juis cuctemu piBHsAHB (2.8), (2.9) B obmacti Q3

rpaHr4HOI0 yMOBOIO (2.39). Ii po3s'a30k GyaeMo IIyKaTu y BUTIISI
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i = O LS 6

V=aygl o G+ 2 2 agVsn (Geoiig) s (2.106)
s=1n=1

e a HeBiioMmi koedimieHTu. Ilepexoasuun 10 koopauHatHoro Burisay (2.20)

S,
nepeMileHb I7St,g6) (E4,Mg) 13310BONBHAOYN TpaHiYHI yMOBH (2.39), 1151 BU3HAUCHHSI

KOE(IIEHTIB g , OTPUMAEMO aNredpaiuHy CHCTEMY

L PN (2.107)
NCh
PV @@)a, + B @)ay , =—n(n+DbYY, n>1; (2.108)
k k
~—2P,(ig)ay, ——2=PB,(igy)as , =b,» 1=1. (2.109)
\/\71 V2

Busnaunukom cucremu (2.108), (2.109) € Buznaynuk (2.85). OckiibKH BiH
BIIMIHHUHN BiJl HYJIS 3T1JIHO 3 TeopeMolo 2.2, a, Kpim Toro, k; #0 ockiiabku kjky =1, TO
cucrema (2.107) — (2.109) mae equnuii po3B’sI30K

Cll’o :—kﬂllbo, (2110)

k — —_
2 n(n+1)B,(ig2)by) — PV (ig)b,

NS

ar, = R ,n>1; (2.111)
! A, D00 &9y
— k -
M (igy)b, - Wlnm +1)P,(igy)b)
ay, = ] ,n>1. (2.112)

A, (D8 ED E9)

3 oTpumaHuX po3B’s3KiB 1 popmynu (2.104) BUTUIMBAIOTE TaKi OIIHKY TIpHA 7> 2.

k — —
%nwmz’n(zqz) 160 1+ ED (i) |1 by |
2 <

1A, D8EEY))

| al.n <

< 13 +C44 max(vl,vz) n(2n—1)1d2 |k2 | I’l(i’l+1) |P}i(1672)| |b’gl) | +|bl’l | <
cr Ivi=val (m-1d; | BOGg) || NVa 12V 7))

+ , 2n—-1)d ky | d
<13+ Caq max(i1 Vo) _n( n ()1) 2‘_ P 21ds (n+1)] b,gl) |+ b, q , (2.113)
car  Ivi=val (n-Ddi| B Gg) Il 4
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— k —
| PDig) |1 b, |+%n(n+1> 12,3 11|
1 <

1A, (V0D EDy| B

| az n |S

L3ty max(vy,vy)  n(2n—ldy K | n(n+1)—|P iq1)] 160 [+15, | |<
11 Ivi=val (n=1dy | BV (igy)| \/q | PV (igy)|

6'13 +Cyq max(vl,vz) I’Z(Z}’l—l)dz |:|k1 |d2( +1)|b(l) |+|b |:| (2 114)
ar Ivi=val (-nd | EPGg)IL

Tenep chopmyaoeMo yMOBH ICHYBaHHS PO3B'si3Ky KpaioBoi 3amaui (2.8), (2.9),

(2.39) B obnacti Q 'y Burmsiai (2.106). Jlna uporo ouinuMo uiieHu psagy (2.106) 3a
JOTIOMOT'OI0 OTPMMAaHHMX BHIIE pe3yJsbTariB. Ilepmr 3a Bce, ckopucTaeMoch ineero E.
['oGcona [143]. 3 Teopemu Posist 1 BIACTUBOCTI MAPHOCTI BUILIMBAE, 110 MHOTOYJICH

Jlexannpa B,(z) Mae TUIbBKM IPOCTI A1MCHI KOPEH1, PO3TaIllOBaHl CUMETPUYHO BITHOCHO

no4atky koopauHar Ha inrepsaini (—1,1). Toxi MmoxHa 3anucaTu

2! wap, 2 2y 2 2 2 2
P(z)=—==2""P(z"—a))(z"—a3)(z"—a}),
(2) 1)’ ( 1 2)( »)
ne p:{g}, tou,+0,,..., 20, —KopeHi F),(z), 10 SKUX y BUNAJKy HEApHOCTI n Tpeba

e nogatu z =0. 3Biacu

P, (ishE) = 2" e )) (ish&)" 27 (~sh%E — a?)(~sh?E — 62)-+-(~sh*E —a2) =

— -1y 2&?"&( shE)" 2 sh%E + a?)(sh?E + o).+~ (sh%E +a2) =
— -1y (i”)f(sh&)" 20 (ch?E — 2)(ch?E — p2) - (ch2E — B2).

ne Blz =1- OLl-z €(0,1). OcKinbKY BUKOHYIOTHCS OYEBUH] HEPIBHOCTI IpU & < E(O)

(:hzé—Bl-2 < ch?E sh& < ché
Chzé(o) _BZ - Ch2g(0) ’ Shg(o) - chE(o) ’

1

TO MOXKHA 3aI1nucatTu



B, (ish&)
P, (ishE®)

__ (h®"P(eh’E-B)chE—B3)(ch’Epy) [ chE V' 55
(Shé(o))n—Zp (Ch2é(0) _ B%)(Chzé(o) _ B%) . .(ChZ(E’(O) _ B;) -

. . = (0
AHaj0riYyHuM YUHOM AOBOIUTHCA HCPIBHICTD IIPHU E_\ < é( )

PO (ishé) chE Y’
Pn(l)(ishg(o))ag[ché(o) : (2.116)

Tenep unenu psany (2.106) 3a momomororo omiHok (2.113) — (2.116), MoxHa
OIIHUTH TaK (n>2):

2 — > ~
> ag Vit €. i)

s=1

2 (6)2 =
<D lag ) 1Wspn’ (Esois) <

s=1

PO (ishE) || B (cosiy)|
n(n+1)

2 |
< z | Ag n |
s=1

+| B, (ish&) || B, (cosiy) '} <

2 ~ \n+l
<3 C,[(n+1) |6 |+|b, |>(%j : 2.117)

s=1 ds
ne kKoHCTaHTU C € JOAATHUMM 1 3aJI€5KaTh TUIBKU BiJ s .
Ouinka (2.117) nokasye, 110 Mpy BUKOHAHHI YMOBU
< 1
> (] [ +]b, ) <o0 (2.118)
n=0
psan (2.106) 306iraerbcst aOCOMIOTHO 1 PIBHOMIPHO TMpHU és < EEO) Ta MOro MoKHa

HECKIHYEHHO IU(PEPEHLIIOBATH 4YiIeHAMHM B o0yacTi & <§§O). OcranHe O3Hayae, M0

dopmyma (2.106) 3amae po3B's130k KpaitoBoi 3a1adi (2.8), (2.9), (2.39) B ob6macti Q , axuit

HalneKUTh Kiaacy pynximiin C 2 (Q)NC(Q7), mo 3aBepInye JOBEICHHS TEOPEMH.

2.3 Teopemu nojaBaHHS g BICECUMETPUYHHUX Oa3UCHUX CTUCHYTHX

chepoinaabHUX PO3B'SI3KIB

VY po6orti [127] Oyso oTpruMaHO TEOPEMH J0/IaBaHHs 0a3UCHUX PO3B'SI3KIB CHCTEMU

piBHSHB (2.1) y pi3HUX Mapax KAHOHIYHUX CUCTEM KOOPAWHAT y BUIAJKY, KOJU BC1 BOHU
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MaloTh CHUIBHUKA TIOYaToOK. Y I Jucepramii OTPUMAaHO TEOPEMH JOJIaBAHHS
BICECUMETPUYHUX CTUCHYTUX Cc(epoilalbHUX pO3B’A3KIB y CHCTEMax KOOpJUHAT,
MOYATKH SIKUX JOBUIBHO 3CYHYTI B3JIOBX OCI CUMETPIi.

PosrasiaeMo npy)HUM TpaHCBEPCATBHO-130TPOTTHUI TPOCTIP, B IKOMY 3aikcyeMo

Bl Toukn O, 1 O,, po3TallOBaHl Ha OCI aHI3OTPOMIi, 3 BIICTAHHIO MDK HHMH Z|,
( z, >0 ). YBenemo B mpocTopi JEKapTOBY CUCTEMY KOOpAUHAT (X,),Z) Ta MOB’s3aHy 3

HEI IWIHIPUYHY cHcTeMy KoopauHar (p,(,z), 3 Biccto Oz, sKa Ma€ HampsSMHUIA

sextop 0,0, . Kpim Toro, 3 koxHoio Toukowo O '/ TIOB’SDKEMO OJIHAKOBO HAIIPSIMIICHY 3
cucteMoro koopaunat OXyz JoKalbHY JIEKapToBy cucremy (X Yz j), a TaKkoX MBI
AekapToBl  {(X;,¥;Zj)} 5o 1 JBI CTHCHYTI chepoinanbHi CHCTEMH KOOpPJIWHAT

- 5 .
{(ajsanjss(p)}szl ) TaK17 HIO
X=X;=x; =a;ch§, sinncosp, y=y; =y; =a;chg,sinn sino,

Z ~
] _ _ ~
s =a;shS; cosn . (2.119)

21222+212, _Z]S
VS

YMOBM Ha mapameTpH 1 KoopAMHATH HaBeaeHo michs dopmynu (2.17). Tyt 1 mam

napameTpu CTUCHYTHX C(HEPOiNanbHUX KOOPIHMHAT MO3HAYEHO AK d ¢, MO0 HE TIYTaTH
iX 3 IPY>KHUMH CTaJIUMH.

Teopema 2.3. Ilpu /v, aq;, +./V,a,,chE, < z;, BUKOHY€TbCS TEOPEMA JIOAABAHHS

o0

Vo Gt = D Vo azs,nzs)Zg;““”(a V1 ay,),  (2.120)

k=0 Jj=n

[pu /v a,, ++/V,aq,,ch; <z, BUKOHy€TbCS TeOpeMa JI0AaBaHHS

o0

VO Esgofing) = D Vit o)1) Zgn““’f(azs>f<“6>"< a), (2.121)

k=0 Jj=n
Iy

6D (g )= \/_jn("‘l)n _i\/zals

T(j/2-n/2+D0(i/2+n/2+3/2)| 2 2z,

&n
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ap)

JZ-‘%)"(azs):i Jr(k+1/2),,(p+ )! [iﬁazs ]p)
p

=T(p/2-k/2+ D (p/2+k/2+3/2)| 2
B I, n—k=2p,pelZ,
Cnk _{O, n—k=2p+1, peZ,
['(x) — ramma-¢dynxuis Eitnepa.
JoBeneHHsi. BissMeMo 3a ocHOBY (oOpMyay mOAaBaHHS JJIsi TapMOHIYHHX

¢Gynkuii [141], 3 sskoi BUMIMBae
u;zL(6) (%lsﬁnls Zu © )(E.>23’n2s)zg;(64)j (Cl )f(46)k (aZS) (2122)
k=0 j=0

[lepeTBOpUMO PI3HULIIO

6 6) /¢ ~
uy O g) —ur S iy, ) =

k
_Zuk( (§259n2s Z g+(64)J (als f(46) (a2s z gn(64)j (als f(46)k(a )

Jj=n-1 Jj=n+l

o0

—Zuk‘ (azs,moZ[g”“”(am) it (@O (ay,) . (2.123)

J=n-1

Okpemo nepeTBOpuMo

64 (64
g;(l )j(als) gn( )J(als)_
J+1
\/Egj,n—l \/Esj,nﬂ (_i \/Zals J _

Fi—ﬁ+éri+ﬁ+1 Fi—ﬁ+lri+ﬁ+2 2
2 2 2 2 2 2 2 2 2 2

Jj+
_ \/Egjﬂ,n (_L \/IalsJ (n'i_lj:
r(f —”+§)r(1 " 2) 2 2

4+
2 2

—2_2n+1)g M q,). (2.124)

\/ s

[TincraBumo (2.124) y (2.123) 1 3MIHUMO 1HAEKC MM1ICYMOBYBaHHS

+(6) (&ls > T]ls) un+l (Edls ’ Tlls )
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i fa (2n+1)2uk< (aZS,nngg;(“’f(als)f(“)"(az» (2.125)
s

— Jj=n

Tenep nepeTBoprMo BHpa3

— o0 b . p
fj.(46)k”(a25)_fj(46)k Y(ay,) _ Z Ve, 1 (p+ ) (L \/Iasz _
k+3/2 k=1/2 p=k+ T Pk (2 ko2 @
2 2 2 2 2

i Jne, i (p+j+1)! {i Vsazsjp
pklr(p K 3jr(p+k+1)
2 2 2) 22
Z Sp 1k(p+]) ( \/7612SJ ) (2126)
2

piT| 2 k+31"£+5+2
2 2 2 2 2

BukoHaemo 3cyB iHIEKCY MiIcyMOBYBaHHA y opmyi (2.126) Ha OAUMHUITIO

i \/_8P+1k(p+])( k—) { \/7%} i
p=k—1r(p k+3jr(p k+2j 2
2 2 2 2 2
o D!
Jre,  (p+ )~ )[k+j i Y 2 e
=— . k 3N 2 =—fj—1 (ay,)-
pkr(p +1jr(p j
2 2 2 2 2
[TincranoBka octanuboi hopmynu B (2.126) nae

fj(j16)k( . \/702s { f(46)k+1( ) fj(46)k1(azs):|. (2.127)

21

Z1p

Z12 Vgl

2iz, | k+3/2 k—1/2
[TincraBumo (2.127) y (2.125)

+(6)(E.»ls’nls) un+1 (glsﬁnls)_

(46)k+1 (46)k—1
_azs 1 6) +(64)j f ( 2s) f (a2s)
=—=n+ u »No ; .
am( zj;k @mnz)Zg @) s

Po3ninmuMo BHYTpILIHIO CyMy B OCTaHHIM pOpMyJTi HA 1B JOJAHKHU Ta B KOXKHOMY
3 HUX BUKOHAEMO 3CYB 1HJIEKCY MiJICYMOBYBaHHS — BIJIMOBITHO HAa OJUHUITIO BIEpe/T 1

Ha3aJl.
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6 s ~
+( )(gls’nls) un-l(-16) (&.’ls’nls) =

© . fg46)k(a S)
[ ]Z <a2s,nzs>2gn““”< )—fk+1/§ -

k=1

) f(46)k(a S)
( j pr (E->2s’n2s)zg O o

w, OE, 7, )—u; DE, .7 +(60)] (4 460k, 4
als( jzk VLRGSR G B I A ORI CY

k=0 Jj=n

e Q)Y gl O ) [P ) (2128

s j=n

3 dpopmynu (2.128) 6e3nmocepeIHHO OTPUMAEMO

—iay, +(6) H6) 2 = N1
> s u s> ' lls /41—
2n+1[ (‘:ls Nis) — il GrgoMis)]
N i —(6) +(64) (46)k
=2 e t! G R -l (&ZS,nzs)]jZ;g (a1 /1 (ay,) -
—iay, gy (@) ay) - 11 (ar,)]. (2.129)
j=n

OcTaroynmii pe3yabTaT OTPUMYETHCSA 3 OCTAHHBOI TOTOXHOCTI IIISXOM

3aCTOCYBaHHs onepaTopa V ; 110 000X il 4acTUH.

Heobxinno moxasaru, mo psau y opmyini (2.120) 36iraroTbcsi aOCOMOTHO Ta

PIBHOMIPHO Ha KOXHIM KOMIIAKTHIN HiIMHOXHHI 00NacTi /v, a;, ++/V,a,,chE, <z,.

JIst ibOro MOABIMHUMN psify

Z| TGN ] Z| g @)l 11 (ayy)]

j=0

Ma)KOPY€EMO PSIOM

= \/_8j,n(zl/2)j+l i Jne pk(p+])'(22/2)p

k+1/2))| B, (ish |
Z( +1/2))[ B (is QHJZ’;F(J "+1jr(]+n jpzkr( ) (p+k+3)
2 ? T
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AJV.a;
s Js . .
IS Zj =X 7 . Y CBOIO qepry MoKHa JOBCCTH, IO OCTAHHIN PAL OHIHIOETHCA 3BEPXY
z
12

HAaCTYIIHHUM PAIA0M:

Z N - hE 1 4
szz(;(k+1/2>a<zshaz>gk(zz 22]'

301KHICTh OCTAHHBOTO PSAY NPH BHKOHAHHI YMOBH +/V @, ++/V,d,,chE, <z,

BUILJIMBAE 3 aCUMMTOTUYHOI MOBEMIHKM Tipu k —> oo ¢yHKIid Jlexxanapa mepmoro i
npyroro poay. HecknagHno nmepexoHaTucsl, mo Ui pO3TISHYTHX (DYHKITIOHAILHUX PS/IiB
TaKO0K BUKOHYETHCS YMOBA MOKJIMBOCTI MOUYJIEHHOTO TU(EPEHITIFOBAHHS.

®opmymna (2.121) 10BOIUTHCS aHATIOTIYHUM CITOCOOOM.

2.4  Jlpyri BicecMMETpHUYHI KpaioBl 3aaadl sl TPaHCBEPCAIbHO-130TPOIMHUX

CTUCHYTOTO c(hepoina 1 mpoCTopy 31 CTUCHYTOIO CPEepOianbHOI0 TOPOKHUHOIO

3amaui, K1 pO3TIAIAIOTHECS B IbOMY Taparpadi, He TUIBKU BaXKIIUBI cami 1o coOi,
asie iX pe3ynbTaTi BUKOPUCTOBYIOTHCS B MOJAIBIITUX PO3/IiJIax.
PosrnsiHemo apyry kpailoBy 3agady s cucteMu piBHsSHB (2.8), (2.9) B

TpPaHCBEPCAIBHO 130TPOMTHOMY IIPOCTOPI 31 CTUCHYTOIO c(PepOifaibHOIO MOPOKHUHOIO

. P2 22
Q" = (x,y,z)—2+—2>1 5
2 dj

npudaoMmy dy /d, <min{,/vy,/Va} (Vy, Vv, — nonatHi KopeHi piBHsAHHA (2.16)). Jns

onucanHs o6macti Q' 3pydyHO KOpHCTYBAaTHCS JBOMA CTHCHYTHMH CHCTEMaMH

cepoijaIbHUX KOOPAMHAT {(és,ﬁ S,(p)}gzl (2.17). Toni piBHsHHS moBepxHi OQ"
. z 20 £0 _ £ _

3aJa€Thesl PIBHAHHAM & =&, e ¢,chly =dj, [V cshE =d. SIk rpannuny ymoBy B

3aa4i BHOEpEMO JOBibHE BicCeCUMETPHYHE HABAHTAXKECHHS HA TTOBEpXHi 0Q "

o0

% _ Caa (M) p(1) <\ -
FV‘aﬁgso T H ;[bn P, (cosf)é, +ann(COSn)ez], (2.130)
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ne H yseneno micis ¢opmynu (2.34). YMoBu Ha koedimientu psay (2.130) OyayTh

HaBEeIEHI ITI3HIIIIE.

Po3B'sa30k 3amaui Oymemo mykatu y Burisidi psmy (2.70), me {asjn}i’:of n=0 ~

HeBizoMi koedinientu. Iepeiinemo y Gopmyi (2.70) 10 HanpyKeHb Ha HoBepxHi OQ
3ri1HO 3 popmyroro (2.38) (BpaxoBYeEMO IPOTHIICKHHI HAIpsSM BEKTOpa 30BHIIIHBOL
HOpMaJTi), TCIS YOTO 3aJI0BOJLHUMO TpaHuyHUM ymoBaM (2.130). B pesymnbTarti

2,00

OTPHMAEMO alreOpaiuHy CHCTEMY BiTHOCHO {dg ,} "1, _0

2 _
—cak — k,+1 _
S agg C1pVy — Cpaks —cqq (kg )q—SQ(()l)(iqs):O, 2131)
s=1 C44\/€ s
: 0
> ago(ks + 10y’ (iq5) = by, (2.132)
s=1
2 _
k.+1 — . V. =k, —caalk, +1 _
S a0 S n(n 4110, ;) + A2V = —easlhs *D Do )7 |
s=l1 \/g C444/ Vg s
=n(n+1)b, n>1; (2.133)
: ()
2 ag (ks + D0, (i) =by , n>1. (2.134)
s=l

[TeperBopumoO KoeditieHT pu GyHKITIT Q,gl)(lﬁs) B piBHsHHAX (2.131), (2.133)

cpV — 3k —cqq(ky +1)

caalVy

3a nornomoror dopmynu (2.13)

CpVs —Ci3ks —caq(ks + 1) Gy —cpp dy
C4q/Vs ds ¢y dy

3a3HaunuMo, TIpaBa yacTuHa PiBHOCTI (2.135) € BiIEMHOIO KOHCTAHTOIO, OCKUIBKU

(2.135)

BHUPAXAETHCS Yepe3 TEXHIYHI KOHCTAHTH

Cll —012 _ 2G

C44 G' ’
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ne G,G' — Moy 3cyBy B IUIOIMHI i30TPOIIii Ta B IIEPIIEHAUKYIAPHOMY HAIIPIMKY.

Cuctemy (2.131) — (2.134) MmoxHa 3anucaTu

2
> a5 00y (iqy) =0, (2.136)
s=1

2 C11Vs T3 A1) =

Y. ag0———=0; " (igy) =by, (2.137)

o=1 C13+Cyq

2 kgl _ —cpp d _
S n(n+1)0,(i7,) - LA Lo (ig,) |=n(n + Db, n21; 2.138)

Y a

i N oy dy
2 1
Zas,n(ks+1)Q,§)(if?s)=bn, n>l. (2.139)
s=1

Hacrymnaa Teopema Hamae aHam3 po3Bs3HOCTI cuctemu (2.136) — (2.139) 1 ymoBH
ICHyBaHHS KJIACHYHOTO PO3B'I3Ky KparoBOi 3a/1adi.

Teopema 2. 4. IIpu v| # v, cuctema (2.136) — (2.139) ogno3nauHo po3B'sa3Ha. s

il BU3BHAYHMKA BUKOHYETHCS OIlIHKA

~0 =~ - - d _ —
AP0, B> =R AN Y2 Ao )00z 1. (2.140)
C44  C3t+C44 dy

[Ipu BUKOHaHHI YMOBU
S |0
D n(n|by’ |+|b,[) <o (2.141)
n=0

IcCHY€ po3B'A30K 3a1a4i (2.8), (2.9), (2.130) 3Buuaiinum metogom dyp'e y popmi (2.70),

sknit HanesxuTs pocropy C2(QHNCH(Q).
JoBenennsi. Ilepm 3a Bce, 3a3HauuMo, 1m0 piBHSAHHA (2.136) aBTOMAaTUYHO
3aJI0BOJILHSIETHCS uepe3 yMoOBY peryisipHocTi (2.71). Toxi cucrema (2.136), (2.137) mae

PO3B'130K

. dy cy+tc L dy cyte
al,O:lbO_Q’M a20=lb0—2M (2.142)

¢ qivp-vp) 7 ¢y c1(vi—vy)
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Jlns ananizy po3B'sizHocTi cuctemu (2.138), (2.139) posriasiHeMO BU3HAYHUK ITI€T

CHUCTCMH

Lan )0, (i) - 1= 02 "1 Q(l)(lc]l) (b + 100 (i)
AL 70— ﬁ e -

ko 41 n(n+1)Q, (igy) - 1—12 dl Q Wigy) (ky +10M (i)
\/72 6’44
B 410, )08 ) - L1251 o) b 00 @0 i)~
\/q 044
U+ ko +1) n(n+ 10 ()0, (i) + =12 dl (k oV agolag,) =
e C44

— — 1 q 1
:uq+1><k2+1>Q,9><iq1)Q,S”<zqz>{n<"“)[& 5 ">(;q;1)> W2 §§n>(zf;z)>]

011—012 dl 1 1 (2 143)
C44 dz k2+1 k1+1 ' ‘

Ockinbk, sik 0yJ10 noBeaeHo B maparpadi 2.2, GyHKITis

_ 1 0,a@
W oD ig)

MOHOTOHHO 3pOCTa€, TO 00MIBa TOAAHKHU y PirypHUX ckoOkax (2.143) onHoro 3HaKy,

o(v)

TOMY BU3HAYHHK A;(2)6(E?, ég) BIZIMIHHHIA BiJl HYJIS | BUKOHYETHCS orliHKa (2.140).

Toni cucrema (2.138), (2.139) ogHO3HAYHO PO3B'SA3HA Ta 11 PO3B'SI3KU MAIOTh BUTJIS

044

a =—[A;(2>6<é?,%8>]1{bn {kﬁ n(n+1)Q,(ig,) - 1 =2 dl ¥ ”(@)}—
2
—bDn(n+1)(k + 1)Q,§1)(iqz)}, n>1; (2.144)
ay =A@ EDED! {b {"‘1 D0, g - =92 D Qé”(qu)}
N c44

+5Wn(n + 1)k + DO (ic—ll)} , n=1; (2.145)
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3 oTpuMaHuX po3B’A3KiB 1 popmyi (2.140), (2.62) BUMIIUBAIOTH TaKi OLIHKU:

+ 1 d ky +1 q-
lay, |13 C44_ Caa (3 — b | 2+ IQ(,I)(Z'Q_z)I N
car air—cazlvi—vald |05 (iq) | V2 | On ' (iq2) |
B 1
LC = ﬁ}+|b,gl)|n(n+l)(k2+l)}< (b (|1()”+1)+|b” D, (2.146)
C44 d2 |Qn (lql)|
+ 1 d ki +1 17
lagp, I< C13 T C44 Ci4 - (1? — | b, 17", n+1)—| Qgﬁ@' +
car ear—azlvi—vald | 0P z)] N 1oV (i)
_ 1
a1 ﬂ}+|b,(zl)|n(n+l)(k1+l)}<C2n(|b” (|1§”f1)+|b” D, (2.147)
Caq dp 1Oy 7 (iqy) |

ne koHCTaHTu C € TONaTHUMH 1 3aJ1€KaTh TUIBKH B1J S .

Tenep MoxkHa oIHUTH WieHH psiay (2.70) 3a qomomororo oIiiHok (2.146), (2.147)

i (2.80)

S PHOE < 4O F
Zas,nVs,n (Es>Ny)| S Z|as,n [ Vo (EsoNg) | <

s=1 s=l1
2 D ishE I PD (cos i 3 )
s Ll {Qﬂ e (COSHS)JFQn(ish§S)|Pn(Cosns):ls
s=1
2 n+l
<> Cy(n|bV|+|b, |)( ds ] : (2.148)
s=1 Chas

ne kKoHCTaHTu C € 10aTHUMH 1 3aJ1ekKaTh TUIBKH BiJ S .
Omuinka (2.148) nokasye, 110 npu BUKOHaHHI YMOBH (2.82) psan (2.70) 30iraetscs

aGCOITIOTHO 1 piBHOMIpHO mpH & ¢ 2 Ego) Ta HOro MOKHA HECKIHYEHHO TudepeHIIoBaTH
YIeHaMH B o6acTi & ¢ > (zm(?O). OcranHe o3Hayae, 1m0 ¢hopmyia (2.70) 3amae po3B'si30k
KpaioBoi 3amaui (2.8), (2.9), (2.130), skwuii HanexuTh K1acy Gyskmin C 2 QHNC (E) :
[Ipu BUKOHAHHI OUIBII )KOPCTKOT yMOBH (2.141) MOKHA MOKa3aTH, 1110 BEKTOP-PyHKITIS
V manexuTs mie i npocropy C 1(E).

Tenep posrisHeMo Apyry KpahoBy 3aaady IJjisi cUCTeMH piBHSIHB (2.8), (2.9) B

TPaHCBEPCAIBHO 130TPOIMMHOMY CTUCHYTOMY c(epoil
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2 2
Q" =1(x.y.2): B+ S <1
dy dj

3 rpaHM4YHOI0 yMOBOIO (2.130). YBaxkaeMo, 1110 YMOBH, C(OPMYJIbOBaH1 Ha [TOYATKY L[bOT'O
naparpaga BukoHaHl. [y omucanHHs oOnacti () OyAeMO KOpPUCTYyBaTUCS JBOMaA

CTUCHYTHMH CUCTEMaMH chepoifalbHUX KOOPAUHAT {(és,ﬁ S,(p)}?zl (2.17) 1 BBeIeHUMHU

BUIC IIO3HAYCHHAMMU.

Pos3B's30Kk 3anadi Oynemo mykatu y Bursai pamy (2.106), ge {a), aS’n}f’j il —

HeBizoMi koedirientu. [epeiinemo y popmyi (2.106) 10 HanpykeHb Ha ToBepXHi OQ ™
3rifHo 3 ¢Gopmynoro (2.38), micas 4oro 3aJ0BOJIBHUMO TpaHUYHUM ymoBam (2.130).
[Ticns mepetBopeHHsT KoediiieHTIB Tpu GyHKINAX JIexkaHapa B TaKUM ke Croci0, K y

2,00

dopmymax (2.133), (2.134) orpumaemo anreGpaidny cucTeMy BiTHOCHO {dg ,} 1 1

2
k. +1 _ —ciny d _
Y ag | == n(n+ 1P (i)~ D=2 5L pDig ) |=—n(n+ DBV n>1; (2.149)

s=1 Vs cay  dy

2
> ag (kg + DE(igy) = by, n21. (2.150)

s=1

I'pannuna ymosa npu 1 =0 BHKOHYETHCS aBTOMATUYHO IPHU OYIb-AKOMY a0
OCKIJIbKHM 4€pe3 YMOBM CTATHKH, SIKI € HEOOXITHUMU JIJIsl ICHYBaHHS PO3B'SI3Ky 3ajaul,
chyiHoto € piBHiCT by =0. VY cBOI Yepry e 03HaYae CTAHAAPTHUI PE3yNbTaT IS
TAKOro THUIY 3aJad — PO3B'A30K 3a/ayul BU3HAYAETHCA OJHO3HAYHO 3 TOYHICTIO 10
YKOPCTKOTO 3MIIICHHS.

Hacrynna Teopema Hazae aHami3 po3Bs3HOCTI cuctemu (2.149) — (2.150) 1 ymoBH
ICHyBaHHS KJIACHYHOTO PO3B'SI3Ky KpaoBoOi 3a/1adi.

Teopema 2.5. Ilpu vi{#vy, n>1 cucrema (2.149) — (2.150) oaHO3HAYHO

po3B's3Ha. /[ ii BUBHAUHKMKA BUKOHYETHCS OI[IHKA

2
—(2)6,30 0 D)/~ ,— \, €1€33—C di |vi—v
4, 5E Bt O i) | PO(iy) | -IBZE 6 G Ml 5y
c44(c13 +¢44)  d max(vi,v3)
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[Ipu BUKOHaHHI YMOBU
0.0]
> n(n|by) |+ b, |) <00 (2.152)
n=0
icHy€e po3B's130K 3a1a4i (2.8), (2.9), (2.130) 3Buuaitnum metogom Dyp'e y dpopmi (2.106),

stiuit HanexuTs npoctopy C2(Q)NCH(Q).
JoBenennsi. [[ns anamizy poss'sizHOCTI cucteMu (2.149), (2.150) posrisHemMo

BU3HAYHUK I[1€1 CUCTEMU

ke +1 d

L= n(n+1)P, (ig;) - 1L—12 ot PVg)  (+1)PVag)
OS] i -
" ’ ky +1 d

27 n(n+1)P,(igy) - L—12 A pPDigy)  (ky +1)PV(i7y)

N 044 dy
=8 D 41y, i) P i) - L2

“Hlhy + NP (igy) P i) -
2

\/q n n ca

_(ky + Dk +1) n(n+1)PY (ig))P, (igy) + 1L =12 4 Lk + BN i) BV (i) =

@ 044 dy

) B 1 P 1 P

— d
A= 4 g, —kz)}. (2.153)
Ca4 o

[Ticns nestkux mepeTBOpeHb BUSHAYHUK MOYKHA MOJIaTH B TAKOMY BUTJISIL
~(2)6,20 20
An( 10E9 E9)=
2
11633 — i3 1 BGg) 1 B(iq,)
n n+1) 0 0
Ca4(C13 +Ca4) \/_ PV (iq)) \/_ P (lqz)

2
(011—012)011 dl vy —v )} P()(qu)P(l)(zq) 11633 ~ 3
044(013 +cq4) dy c44(c13+Cq4)

= PN (ig)) PY (i, ){
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I FGq) 1 BGg) |, (- 012)011 a
) I’l(l’l-l—l) (V ) =
{ l:fP( V(g \/7P( )(ZCI2)] ey —cfy }

2
_P( )(lql)P(l)(lq ) Bk I
ca4(c13 +c44)

1 B,(3q) 1 P,(igp) 1 1
- | +(1- _
{”(’H [\/71’()(16]1) \/71’()(1?2)} ( )dZ(Vz Vl]}, =0

ne 6 — koedimient [lyaccona B momuHi 130Tporii.

Posrasiuemo gyHKIi0

_ Il PGy 1gq
C(V)_n(n-l_l)\/;Pn(l)(icY) 5a (2.155)

Jocniaumo i Ha MOHOTOHHICTG. JIJ1sI IIbOTO 3HAAEMO 11 TOX1AHY

PO )R- P (7 LR
dC(V) 1 P.(iq) qq n(n+1[ (iq)] n(lq)dﬁ w (iq)

1
n(n+1)
W TR @) 3 (P (ig)? e

) {qun(iq‘)Pé”(iq){aq—%}[&(D(@f—qqn(n+1>[Pn<ifi>]2}

R

MoskHa JI0BECTH, III0 BUPA3

(i) {qun(i(?)P;p)(i(?){(?q—%}[ PV Gq)P - ggn(n + D[P, (i7)] }

BN |>Q|

dc(v)

npu 121 e momatHum, TOOTO TOXiaHA <0, a ¢ynkuis ((v) cmagae ma miBoci

€ € (0,%0). Toxi

AP0 ED,E9) = PV i) PV (i) U3 =13
C44(C13 +C44)

{[@(vo C(vznmd—[i—ij} (2.156)

2\V1 V2
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1

Ockinbku QyHKIIST — TaKOXK CHagae, To 00uaBa JOJIaHKH Y (QIrypHHUX dy>KKax
\%

(2.156) ogHaKOBOIO 3HAKYy, TOMY MIPABWJIBHOIO € OLIIHKA

2
—(2)6,20 20 D, .— D, .— C11C33 —C di |vi—v
8, 5@, Bl O i) | PO(iy) | -UB =G Ml 5y,
ca4(cr3 +c44)  dy max(vi,vy)

OTmxe, BUBHAYHUK A;(2)6(E?, %8) npu 121 Bigminauii Bix myna. Toxi cucrema

(2.149), (2.150) ogHO3HAaUHO PO3B'sI3HA Ta 11 PO3B'SA3KH MAIOTh BUTIISI

_ ~0 ~0.-_ kH +1 _ — d _
ap, =[A, P ED,E9)] l{b,{ 27 p(n+1)P,(igy) - 1121 Prgl)(lfh)}—
1[\/2 d

C44 2
—bMnn +1)(ky +1)PY (iq_z)}, nx1; (2.158)
_ =0 20w ki +1 __ ci1—co d —_
ay,, =[A,P°ED.EDNT b, | A—n(n+ 1B, i) - L=—12ZL p(D(igy) | +
N Ca4 dp
+5Wnn + Dk +DPD (g )} ,n>1; (2.159)
3 oTpumaHuX po3B’s3kiB 1 popmyn (2.151), (2.101) BUMIHUBarOTH TaKi OI[IHKH:
ay ls AT _Cas B b, || 2y LT
SN 1= — n —
cren—eazlvi-vald | BV Gg)| Jv2 12D )|
_ )
L Cl2ﬂ}+|b,(ll)|n(n+1)(k2+1)}<Cln(|b” 02 DHIBD - (2.160)
cas  d; BV G|
a, s U370 _Caa | Eo e S (LU TD L
9n - o— n o —
caren—azlvi=vald | BV (ig)| N 1BV g)) |

B 0
a2 D gty + 1) < 22000 1@ EDHIBLD g 61
n 1 =

Cqq d | By (iqy) |

ne koHcTaHTH C € JOJAaTHUMH 1 3aJ1€XKaTh TIJIBKU BIJ S .

Tenep MoxxHa omiHUTH wieHu psaay (2.106) 3a qomomororo omiHok (2.160), (2.161),

(2.115), (2.116)
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2 PPN 2 PPN
> ag Vit Gt < Dl ag, 1V Ay <

s=1 s=1
2 PWishE yi1 pD = o )
<3l || AR LSO B hE ) || £y cosiy) |
s=1
2 n+l1
<> Cy(n|bV|+|b, ')[E—fj , (2.162)
s=1 Y E.>s

ne koHCTaHTU C € TONaTHUMH 1 3aJ1€KaTh TUIBKH BiJ S .
Ominka (2.162) mokasye, mo npu BUKOHAaHHI yMoBH (2.82) psan (2.106) 306iraeThes

a0COJIOTHO 1 pIBHOMIPHO IIpH & < E,go) Ta HOr0 MOXKHA HECKIHYEHHO NU(EPEHIIIIOBATH

YJIeHaMH B 00J1acTi %S < %go). Ocranne o3Hauae, mo dopmyna (2.106) 3amae po3B'sa30k

KpaiioBoi 3amaui (2.8), (2.9), (2.130), skuit HanexuTh Ki1acy ¢pyHkuin C 2 QHNCEY).

[Ipu BuKOHaHH1 OUIBII KOPCTKOT YMOBH (2.152) MOXKHaA TTOKa3aTH, 110 BEKTOP-(DYHKITIS

V HaNexXuTh II1e i IPOCTOpY CI(Q_).
BucHoBok 110 po3ainy

Y npyromy po3nuii aucepTariiiHoi poOOTH 3MMIMCHEHO PO3BHUTOK y3arallbHEHOTO
metony Dyp’e s OCECHMETPHUYHHX 3a]ad Teopii MPYKHOCTI TpaHCBEPCAIBHO-
130TpOMHKX TUT. 30KpeMa, OTPUMaHI YaCTUHHI PO3B’SI3KH CUCTEMH PIBHSHD PIBHOBArd B
NEPEMIIICHHSIX Yy CTUCHYTUX cepoinanbHux koopauHartax. Lli po3B’si3ku momaHo y
BUTJISIZII BEKTOP-(QYHKIIHM, 110 BHpaKkarOThes uepe3 ¢yHkiii JlexaHapa mepiioro Tta
JPYToro pomy.

Oco0nuBy yBary MNpUIIEHO MaTEMaTUYHOMY OOIPYHTYBAaHHIO KOPEKTHOCTI
noOy/1oBaHOi 0a3MCHOI CUCTeMH PO3B’sI3KiB. Bmepiiie n0BeaeHO 0Oa3UCHICTH CUCTEMHU
pPO3B’S3KIB PIBHSHH pIBHOBard B TIEPEMINICHHIX TPAHCBEPCAIBHO-130TPOITHOTO
CTUCHYTOTO c(hepoizna 1 mpoCcTopy 31 CTUCHYTOIO CPEPOiaTbHOI0 MTOPOKHUHOIO

Kpim Toro, B iboMy po3auii chOpMyJIbOBAHO Ta JIOBEICHO TEOPEMH J0/IaBaHHS

Ul IOOYTOBaHWX OasvCHUX (YHKIIM y CTHCHYTUX c]epoiganbHUX KOOpJAWHATAX Y
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BUIAJKYy, KOJIM IOYATKM CHCTEM KOOPJMHAT 3MIIIEHO B3JI0BXK ocl cuMmerpii. lLle
PO3IIKMPEHHS anapaTy y3arajbHeHOro Meroay @yp’e CyTTe€BO MiABUILYE HOTO THYUKICTb
Ta €(pEeKTUBHICTh Yy 3aJadax Juisl 0araTo3B’sa3HUX OOJacTeil 13 JEKUIbKOMAa LEHTpaMu
cuMeTpii 260 MOpOKHUHAMMU.

OTpuMaHi pe3yJbTaTH CTBOPIOIOTH NMOTYKHUN MAaTeMaTUYHUHA 1HCTpyMEHTapii
JUIA pO3B’SI3aHHS CKIIAMHUX KpalOBUX 3a/4ay, SKi pPO3TIAJATHMYTHCS y TOJANBIIUX
po3ainax, 30KpeMa 3ajgad 13 BHYTPINIHIMUA TMOPOKHWHAMH, CHCTEMaMH TPIIIUH Ta
nepioIMYHUMU cTpyKTypamu. OTpumani 6a3ucHi GyHKLIT Ta T0BeeHa iX Oa3UCHICTD €
KJIIOUOBUMH JUIsl  peani3alli YUCeIbHO-aHANITUYHOIO MiJAXOAY, OCHOBAaHOIO Ha
PO3KIIaIaHH1 PO3B’SA3KY B PSAJIU, 110 3a0€3MEUYyIOTh K BUCOKY TOYHICTh, TaK 1 aHAJIITUYHY

CTPOTOCTh IIPHU MOJAAJIBIINX O00YHCICHHSIX.
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PO3JIL 3

MATEMATHUYHA MOAEJIb HAIIPY>KEHOI'O CTAHY
TPAHCBEPCAJIBHO-I30TPOITHOI'O CTUCHYTOI'O CO®EPOIJIA 31
CO®EPOIJIAJIBHOIO TOPOKHUHOIO

3.1 IlocranoBka 3amaui

PosrasitnemMo mnpyXHUM TpaHCBEPCAIbHO-130TPONHUN CTHUCHYTUH cdepoin 3i
CTUCHYTOIO0 c(depoinanbHO MOpoxkHUHOW. [[f0 obmacts mo3Haummo €. IloBepxHi
HOPOXHMHU 1 cepoina no3Haunumo I'; 1 I'5. ByneMo BBakaTH, 110 iX LIEHTPU CyMILIEHI
Ta 3HAXOMATHCS B ToUIlli O . 3 Ii€f0 TOYKOI CYMiCTHMO HUTHHAPUYHY cuctemy (P, ¢, z)
Tak, Mo Bick Oz Oyzae 30iratucsa 3 BICCIO CUMETpii cdepoiliB 1 BICCIO aHI30TPOMii.

ITosepxust I'; mae piBHsHHS

p +—Z =1, (3.1

npudomy d;q/d; <min{y/vy,/Va}, i=1L2 (Vv{,v, — JOAaTHI KOpEHi piBHSIHHSI

(2.15)). OcobnuBICTh TpaHCBEPCAIBHO-130TPOMHOrO TiNIa, sike 3aiiMae oOnacte 2,
HOJISITa€ B TOMY, II0 HOT0 MEKY HEMOXKJIMBO OMUCATH TUIBKH OJHIEIO MapOI0 CTUCHYTHX
chepoinanbHUX KOOPJIUHAT, HABITh, KOJH MOBEepxHi (3.1) MarOTh CIUIbHUN (OKaATHHUIN
nuck. Otxke, 3amauy JUisi JIBO3B'SA3HOI OO0JACTI PO3TJSIHYTOI TeoMeTpli HEMOXHa
pO3B's3aTH 3BUYAHUM MeToJIoM Dyp'e 1 MOKIMBO 1€ 3pOOUTH TUIBKH y3arajibHEHUM

metogom Dyp'e. st ommcanHs 001acTi €2 3py4YHO KOPUCTYBATHCS IBOMA IMapamu
CTUCHYTHX c(epoinaJbHUX CHUCTEM Koopm/IHaT{(E J-’S,ﬁ j,ss(P)}?, j=1, TOBA3aHUX 3
MWTTHAPUYHUMEI KOOpIMHATaMu (hopmyiaMu

p:ajjschg,jjssinﬁjas, z= Vsaj,SShéj,SCOSﬁj,s-

Toni  pismamms mosepxmi I';  3amaetbes  piBHSHHAM g s =%5.?2, e

ch}';(o) =d;,, shﬁ( ) _ j,l (mapaMeTpu CTUCHYTUX CPEpOiTaTbHUX CUCTEM
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KOOP/IMHAT, Ha BIAAMiHY Bi/l PO3JLIY 2, O3HAYCHO A ¢, 0O HE IUTYTaTH IX 3 MPYKHUMU

CTaJIUMHU).

Po3rnsiHemMo 3amady BU3HAUEHHS HANpPYXXEHONO CTaHy BKAa3aHOTO BHILE
TpaHCBEPCAIbHO-130TPOIHOIO TLJ1a, B IKOMY MOPOKHUHA € BUILHOIO B1Jl HAIIPYKEHb, a J10
30BHIIIHBOI  MOBEPXHI MPUKIAAEHO JOBUIBHE PIBHO3BAXXEHE BICECUMETPUYHE

HaBaHTaXCHHA

0

FV], o =4 %" pORD (cosii, )&, + b P, (cosi, )¢, |, (3.2)
2,57 92,8 Hz =0

I (S
1/2
Hz =(d22’1 sin2 ﬁz +d22,2 0052 ﬁz) .

YMoBu Ha koedimieHTH psgy HaBeneHo B (2.152). YV marematuyHOMY
dbopmyIroBaHHI MpobiemMa 3BOJIUTHCS 10 3HAXOHKEHHS PO3B’A3KY KpaioBOi 3aadi JJis

cucTteMH piBHAHG (2.8), (2.9) B o06nacTi Q 3 rpaHuuyHUMHU yMoBamu (3.2) 1

FV| ., =0. (3.3)

1,s ™~ >l,s

¥Yci yMOBHM Ha mapaMeTpu 3a7a4i HaBEJCHO B pO3/Iiii 2.

3.2 TloOynoBa 3arajipbHOTO PO3B'SI3KY 3a7a4il Ta ii 3BEJCHHS J0 PO3BSA3YBaIbHOT

CUCTEMHU

3aranpHuUM po3B'sA30K 3ama4i (2.8), (2.9), (3.2), (3.3) Oynemo mrykatu y BUTIISII
; S S 4076 S 50
V(p, z)= Z Z As,nVs,n (‘t:l,sa nl,s) + Z As,n Vs,n (§2,s’ n2,s)’ (3'4)

s=1n=0 s=1n=1
ne A(’j ) _ HEBIJIOM1 KOE(QILIEHTH, SKI BU3HAYAIOTHCS B MPOIEC] MOOYAOBH PO3B’S3KY
3amayl. TyT BkKe BpaxOBaHO yMOBY CTaTHMKM Ha 30BHIIIHIA MOBEpPXHI TUIa 3TiAHO 3
Teopemoto 2.5. 3agady OyaemMo po3B's3yBaTu y3araibHEHUM MeToioM Dyp'e. [l nboro

CKOPHCTAEMOCH TE€OpeMaMU JI0JaBaHHs 0a3ucCHUX po3B's3KiB (2.19), ki € HacaiaKamMu

dbopmy, oTpumMaHux y podori [127]
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Vsj(6) (§2 ,82 T]Z s) Z gn L) (al,s ’ a2,s )IZVTIE6) (El,s ’ T~.ll,s) D (3 5)

Vo G0y ) = Zg““)(al,s,azS>V+<6><a2s,nzs) a, s, >a,, (3.6)

nie
En (1666) (al,s’ a2,s) =
[ g 3 i"Pe, &, (k+1/2)T(n/2+p/2+1/2) 5
“\ ay C(n/2-p/2+0)(p/2-k/2+1)(p/2+k/2+43/2)"
gl—:(k66) (al,s > a2,s) =
0 -— p+l
Z €, ,€,4 (k+1/2)0(p/2+k/2+1/2) a, 3)
por “T(p/2- n/2+0)0(p/2+n/2+3/2)0(k/2-p/2+1) ay ’ '

l, n—k=2p,pel,
& =
mk 0, n—k=2p+1, peZ,

I'(x) — ramma-¢dynkiis Edepa.
[lepeTBOpUMO BEKTOp MepeMilieHb V(p,z) [0 KOXKHOI OKpeMoi cucTeMu
KOOpAUHAT 3a fornomoror dopmyi (3.5), (3.6). B pesynbrati Maemo

> 2 & () HE)
V(‘gl,sa nl,s) = z Z AS,nVS,n (al,sa nl,s)"'
s=1n=0

2 o
+Z ZAS(‘,z) Z gnk )(alsaa2s) s,k (E.aISaTlls)_
s=ln=1 k=0

2 o 2 ©
= Z Z A§11)1V5+1g6)(a1,s= ﬁl,s)"' Z Z Vs,( )(&1 s9n1 s) Z gk )(al RILY) S)A(’zk) , (3.9)
s=1n=0 s=1n=0

V(&Z,sa T]2,s) = Z Z ALS,Zn)VS,zg@ (§2,Ss n2,s) +

s=1n=1

+Z Z ASI)Z z g+(66)(a1,saa2,s)ﬁs_|:]g6)(E2,S7 ﬁZ,s) =
s=1n=0 k=0
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LS OO = Y S HOE. s %, HE6) (1
= Z Z As,nVS,n (§2,sa n2,s)+ Z Z VS,n (§2,sa n2,s) z gk,n (al,ssa2,s)As,k' (3'10)
s=1n=1 s=1n=0 k=0
[Tepeitnemo B dopmynax (3.9), (3.10) Big mepemimieHb 0 HAMNpyXeHb Ha

nosepxHsx I'y 1 I'», BukopucToByrouu ais 1poro popmyiy (2.38):

FV (&1,5 L), = Z Z A FVHOE) ) +
s=1n=0

2 2 L 5(6)2(0) =
APIDINL G )ng N(ay,5,a2,0) 43, (3.11)
s=1n=0

FV(E.Q,S’ nZ,S)\Fz = Z Z A§,2n)FVs,Ig6)(i(2(,)3’ n2)+

s=ln=1
+Z Z FVHO( (203,11 )Z g,j (als,azs)A(}l){. (3.12)
s=1n=0
[Ticns miacranoBku Qopmyn (3.11), (3.12) y rpanuuni ymoBu (3.2), (3.3)
OTPUMAEMO HECKIHUEHHY CUCTEMY JIHIMHUX anredpaidyHuX piBHSAHb BIAHOCHO HEBIAOMHUX
Koe(DimieHTiB

>S5

2 0
zq(mu,g}; + 2600 g P ay a2 )40 =0, 120, m=0:1,  (3.13)
s=l1 k=n

2
th‘s”’,BAé%Zr;, (ﬁzsanzs)zgk Nayg.ay)4) = 1, n21, m=0;1, (3.14)
s=1

A€

= )
() —ks+1n(n+l){Q"(qu’S)} e —cip 4y |9n )s)

_ N , 3.15

IS \/g Fiq; 5) Cas  djo Pn()(ic?j,s) o
07, 5)

o=+ Dy O =), (0= 3ae)
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3.3 AHani3 po3B'a3yBajbHOI CHCTEMH

[IepeTBOpHMO cHCTEMY 10 HOPMAJIBHOTO BUTJISALY

+0)
~(1 12 Ql’l (lql 1) gk (alsaaz S) ~(2
A L 0 Z n 5@

k
AZ<2)6<&1,1,a1,2)s1 i POg,)

1
tféLQ(l)(ZQIl) —(0) gkn (1S9a2S) (2)
TADBE0 F0 ) 2l > S A =05
GlLiln e i PV

1
Aél) tll Q()(QI2) 2 I_O)ngn (ls: 2s)A(2k)
n >4 S.n
AFPOELE YD S PVag)

t+(0) ( )
1,11 —(1)ngn Al,5-92,5 4D o,
1 k=
AJr(2)6(§11 ilz)s 1 e Pk()(lq2,s) >
A(Z) tz(zn (ZQZI) ) Z gkn ( ay,s» 2s)A(1)

2 k
A<2>6<a21&22>s1 S oWVagy)

2
t

— 66
tz(z) P(l)(ZQZ D +(0) s g/;r’(n )(al,S7a2,S) 1)
> t2 ,8, 1 Z =

AT <2>6(a21a22)s1 iz 0Vag.)

P()(l%l)l‘ AR P(l)(wlzl)fz(l) £
An(2)6(§2,1a§2,2) A, P0ED 1,89 5)

) 2(1n )(lq22) 2 +0) & gkn (a15aa2s) ~(
A( ) =0 2( ) (l)c
APRELE oo im0 oGy

66
t2(1 )P(l)(ZQ2 2) 2 +(1) g];r(n )(al,S>a2,s) ~1) _

- 2.5, —
APELBN IS o)

P(l)(lq )l‘ —(1) f(O) P,,fl)(iq )fz(o)f 1)
An(2)6(<§2,1,§2,2) Az(z)é(iz,laiz,z)
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(3.17)

(3.18)

(3.19)

(3.20)
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~(1 ~(2
4 _ A ) _ A3)
S, 1 ,_ > s,n T — ’
oy (igy.s) PV (ig,5)
Teopema 3.1. [Ipu BUKOHaHHI YMOBHU
£(0 £(0
:(0) _ az,sShi(z,za ays <aps, 20, | sShﬁg ). ay <ayy.
aq sSh(tj =(0) an SShE_., (321)
aZ,SChgz,Sa als > a3 s a sChil 50 25 7 A

onepatop cuctemiu (3.17) — (3.20) € ppeAroaLMOBUM Yy MPOCTOPI lf :

JoBenenHsi. /{151 qoBeieHHS TEOPEMHU TOCTATHBO MOKAa3aTH 301KHICTD PS/IiB

2
i i i ! (p])n 11()(ZQ23 p) t+€vlnj)g;cr(n66)(al,saa2,s) <oo (3 22)
iSinz0k=0| A, (izl iz 2) Q;E)(lfh,s)

2
ii i A (J)Q Didi3-p) 6.8 0 (a5 ) <OO (3.23)
s=1n=0k=n AZ(2)6(§1,1£1,2) Pk( )(ZQZ,S)

e j=0,1; ps=1,2.
Crepiity 3a3Ha4uMO, 1110 3aBJsKH oliHkaMm (2.140), (2.151), (2.62), (2.101) moxHa

OI[IHUTH MHOKHUKH 3araJIbHUX WieHiB psaiB (3.22), (3.23) TakuM 4uHOM:

650 PV g5 ,) o)

<Cn/, = Pectn/, j=0,1. (3.24)
An@)%g?% E)) AFPOEDLED,)

3 popmynu (3.6) BuruBae piBHicTh [lapceBans

2 o0
Slnﬂz,sdﬂz,s = Z

T
- 5 .2 2
[lo,shE, )P eosii, ) & (@,5,,,)0, (shE, )| ==
2k +1
0 k=0
3aBIAKH SIKO1T MOJKHA 3aIIMCaTh
~ 2
ZZ +(66)( ) Qn (lSh&Z,s) 2
L) — -
n=0 k=0 : ) /9) (ZCII,S) 2n+1
T Q (ish, )
k 1 ~ o~ -
I 0 . Pk(cosm,s) smnz,sdnz,s : (3.25)
0 k=0 Qk (ZQI S
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IMigxpecaumo, mo B hopmymi IMapcesans (§;,MNy) 1 (§y,M,,) € KoOpaUHATAME

ozHi€T i Tiel sk Toukw. [TizcTaBumo B popmyiy (3.25) &2 r ig ) TIpu upoMy Koop/MHaTa

E&Ls Ha 3adikcoBaHIN IMOBEPXHI € KO (PYHKIIIEO él,széhs(ég"s),nzs) YMoBoro

301KHOCTI psAny i iHTerpaioMm (3.25) 3aBasku omiHkam (2.62), (2.80) € HEPIBHICTD
z 0 £(0)
Cis (&g s)»nz $)> ig,s) v, €[0,7]

a00, 1110 TEX came,

0) ~ (0
min &1s(&§3,nzs)>a§,£. (3.26)

n2se TC

3HaiiieMo MiHIMalbHE 3HaueHHs KoopauHatu B (3.26). I3 dopmyn 3Bs3Ky

HWTIHAPUYHUX 1 cPepoifanbHUX KOOPAUHAT BUILTMBAE, IO

2 2 5
chi2 Ssmn 2. N sh&2 SCOSﬂz s [ ans
Chél,s Sh‘:l,s aj s ’
3BIIKHU
2
- 92 —cos Mg—0a +\/(q2 —cos n2 - ) +4oc q2 cos P
sh?) , = & i 5 & 2 (3.27)

202
e oL=ay / ay ¢ . ocnigumo mipaBy yacTuny popmyinn (3.27) Ha ekctpeMmyM. MoxHa

noKa3aTH, 1o npu o < 1

—2
sh2gjrin = 925 (3.28)
o
Tax camo ipu o > 1
q2
sh E_}mln _ 2,2s- (3.29)
o

Tenep nacnigkamu Gopmyi (3.26), (3.28), (3.29) € nepmia ymona 361xHocTi (3.21).
Otxe, 3a nepmoro ymoBow (3.21) psa miBopyu y (3.25) 306iraerscsi. HeBaxkko

NOKa3aTH, MO 30LKHICTh 3aJUIIAETHCS NpPH OyAb-SKUX JOJKATKOBUX MHOYKHUKaX y
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upomy psmi Burmsiny nf k9 (p,q>0). Tomy, BpaxoBytoun ominky (3.24) oTpuMaeMo
(3.22).

Hns psany (3.23) aHanmoriyHUM MiAXiJ MPUBOAWTHE O APYroi yMOBU 301’KHOCTI
(3.21).

Takum YMHOM, TEOpEMY JOBEACHO.

3ayBaxeHHs. YMoBaM 301KHOCTI MeToy (3.21) MOKHA HAaJJaTH T€OMETPUYHOTO
3MICTY:

dyy, ays<ayg, di1, ays<a,

\VVsd2 2, ayg >a2,s’ \/ sd12, ap5 > ay.

OctanH1 (hopMyH OKa3yroTh 10 He noBepxH1 ['] 1 'y He TIIbKK HE epeTUHAIOThCH,

dl,l <

K I‘GOMGTpI/I‘IHi O6'€KTI/I, d TaKOXX MArOTh TaKy XK BJIACTHUBICTD ITICIIS IMCPCTBOPCHHA

noai6HoCTI B31BXk 0co Oz 3 KoediuieHTOM 1/ /v, .

3.4 3agada npo TpaHCBEPCATHHO-130TPONTHUYN CTUCHYTHIA C(Pepois 3 KPyTroBOIO

TPIIIMHOIO

[IpoimtocTpyeMo HaBeleH1 B MomepeaHix maparpadax pe3ysJbTaTd Ha IPUKIIAII
YHCEIIBHOTO  PO3BSA3aHHS  BICECUMETPHYHOI  3aja4i Mpo  HANPY)KEHUW  CTaH

TPaHCBEPCAIBbHO-130TPOITHOIO CTHCHYTOrO cepoina I', (3.1) 3 KpyroBow TPIIMHOO
I ={(p,z):2=0,pe[0,a]}, sKa 3HAXOOUTHCA MiJ JI€H CTAJIOT0 HOPMAJIBHOIO
HaBaHTa)XeHHsA. [ paHnYHI yMOBH Ha Oeperax TPIIIMH CTABIATHCS TAKUM YHHOM:
G, =0, Tour, =0, Ter, =0. (3.30)
30BHINIHS MOBEPXHS chepoina BBAXKAETHCS BITHHOIO BiJ] 3yCHITb.
Sxuo nmrykatu po3B'si30K i€l 3a1a4i y BUrisiji (3.4), To HeBi1oMi KOe(iIlieHTH As(fn)

MOBUHHI 33710BOJIBHATH cucTeMi (3.13), (3.14) 3 iHIIMMU TPAaBUMU YaCTUHAMU:

sz(m>A§1)l+zz o) Z g0 @,ay )AT) = £, n20, m=0;1, (3.31)
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th(m)A(2)+Zt+(m)Zg 69 (g,ay )41 =0, 021, m=0;1, (3.32)

s.n ' s,n
s=1

ne Koe(diIlieHTH TpU HEBIIOMUX OMHUCYIOThCs Gopmynamu (3.15), (3.16), B siki Tpeda
migcTaButu g =0, a IpaBa yactuHa f, (m) 0,004,104 / C44..

[Ticnst yncensHOTO po3B'si3anHsA cucteMu (3.31), (3.32) MeTOIOM peayKIlii MOXKHa
IpOaHai3yBaTH, AJis NPUKIATY, HOPMaJIbHI HAaIpPYXEHHs, sIKI BUHUKAIOTh Y TUIOIIMHI

TPUIIIHHU 11032 11 MEXe0 1 3a1aI0ThCs POPMYIIOI0

1

[2 2
0. (0. Opra =3k +1) S, 400, | = |pD(0)-
p-—a” s=l1 n=0 a

2 J—
2 AP 0P, “2;—9 . (3.33)

/ 6(p,0)/c

0.8

\ dz,lx’a=2, dz‘zr"(a =8
0.6 \

dz,lfa’=3, dz‘g a=8

0.4
dz,lfa=4, . dz‘g a=8

|
0.2 \ /j -
\4&\%%

-_-_-_-—_—'_'—-—-—
1.0 1.25 1.5 1.75 2.0 p/a

Pucynox 3.1 — Po3nonin HopMansHUX HAMpPyKEHb B TUTONTUHI TPUIIUHHA 11032 i

MCXKCIO

Ha pucynky 3.1 nHaBeneHo rpadikn HOPMAIbHHX HANpPYXeHb G,(p,0)s, /a

(3.33) B 3ayie’KHOCT1 BIiJ BITHOCHUX pO3MIpiB miBocei cdepoina. Tyt cumBoiom o *
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NO3HAYEHO HANpPYKEHHs, K1 BIANOBLAAIOTH TPIIIMHI B TPAHCBEPCAIBHO-130TPOMHOMY
pocTOpi (3a7a4a Ma€ aHATITUYHUN PO3B'A30K Y 3aMKHEHi# popwmi). ['padiku moka3yroTs,
0 npu (PiKCOBAHOMY pO3MIpi OLIBIIOI MiBOCI chepoiga HANPYKEHHS 3POCTAIOTh MPHU
cnajiaHHi po3Mipy MeHIIoi miBoci. [HIma cutyariis cnocrepiraerbes mpu (pikcoBaHOMY
po3Mipi MeHIIoi miBoci. 3MiHA PO3MIpYy OUIBINIOI MIBOCI MPAKTUYHO HE BIUIMBAE Ha
BEJIMUMHY HAIPY>KEHb.

3anumieMo TakoX Qopmyny s oOuucieHHS KoeillieHTa 1HTEHCHUBHOCTI

HaIpy>KeHb Ha MEX1 TPIIIUHUA

K, = lim 2n(p—a)c(p,0).

p—a+0

ITepexin y cuctemi (3.317), (3.32) no 6e3po3MipHHUX HEBIAOMUX 32 (HOPMYIIOLO:

A =22 50)
C44

IPUBOAUTH 110 Takoi popmynu st KIH:

2 0
K,/ (Nao)=\n Y (k+ DY A0, . (3.34)
k=1

s=1

Tabmums 3.1 — 3navenns KIH B 3aiexxHOCTI BiJl BITHOCHUX PO3MIpIB MiBOCEH

cdepoina
dyjla\dyy/a 6.0 7.0 8.0
2.0 1.2382 1.2356 1.2336
3.0 1.1715 1.1694 1.1681
4.0 1.1506 1.1489 1.1479

VY tabnumi 3.1 HaBeneHO 3HAYEHHsI KOE(ILIEHTIB 1HTEHCUBHOCTI HANpyXeHb B
3aJIe’KHOCTI BiJl BIIHOCHUX pO3MipiB miBocel cepoina. Cnocrepiraerses cnaganas KIH
K TIpu (PIKCOBAHOMY PO3Mipi OUIBIIOT MIBOCI 1 3pOCTaHHI PO3MIPy MEHIIO1, TaK 1 MPHU
(1KkcOoBaHOMY pO3Mipi MEHIIOI MIBOCI 1 3pacTaHHl po3Mmipy Oulbwoi. st mopiBHSHHS

HaBegeMo KIH TpimuHi B TpaHCBEpCaIbHO-130TPOITHOMY IIPOCTOPI

Ky, | (Nac)=2/\n~1.1284.
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Ny \p/ @ 1.1 1.3 1.5 1.7 1.9
20 0.8021 0.2879 0.1608 0.1015 0.0665
30 0.8019 0.2873 0.1602 0.1012 0.0665
40 0.8019 0.2873 0.1602 0.1012 0.0665

V Tabmuni 3.2 Ha OpUKIal 3Ha4€Hb HANPYXKEHHA o_(p,0)\c OpU dy/a=2.0,
dy 5 /a=8.0 TIOKa3aHO INPAKTHYHY 30LKHICTb MeTody penykuii. Ymeno n,, 3anae

napaMeTp pPeAyKIii, TP IKOMY PO3MIP PEyKOBaHOI CUCTEMH JOPIBHIOE 4n, .\ X 47,0y -

BucHoBok 110 po3ainy

Y TperhoMy po3aiM JaucepTarii BIepiie IMOOYJIOBaHO MaTeMaTHYHY MOJICIIb
HAIpPY>KEHOTO  CTaHy  TPaHCBEPCAIbHO-130TPOIHOIO  CTUCHYTOro  cdepoina 31
cdepoinaabHOI MOPOKHUHOIO B OCECUMETpPUYHIN moctaHoBIll. [lomiOHy 3amauy s
BUTATHYTOTO chepoina Oyno nmocmimkeno B podoTi [133]. IIpu peanizariii y3araasHEHOTO
mMeToxy Pyp’e CyTTEBO BUKOPUCTOBYIOTHCS PE3yJIbTaTH PO3AUTYy 2. 3amady 3BEJIEHO 0
HECKIHUCHHOI CHCTEMHU JIHIHHUX anreOpaiyamx piBHAHB. CTpOro ITOBEIEHO
(GbpeArosbMOBICTh OllepaTopa PO3BA3yBAIBHOI CUCTEMH 3a/1aui.

UYucenbH1I pO3paxyHKU MPOBOAMIIMCSA HA MPUKIAAl 3aayl aHaji3y Hampy>KeHOro
CTaHy TpaHCBEPCAJIbHO-130TPOMTHOTO CTHUCHYTOTOo cepoiga 3  ekBaTapiaibHO
PO3TaIIOBaHOIO KPYroBOwO TpilmuHO0. HaBeneHo rpadiku HOpMallbHMX HANpyXeHb B
TUTONITMHI TPIIIMHM 11032 11 MEXKEI0 B 3aJICKHOCTI BiJ] BITHOCHUX T€OMETPUYHUX PO3MIpiB
niBocel cdepoina.

B Mexax KOMIT'IOTEpHOI MOJENl OOYHUCIEeHO KOE(ILUIEHTH 1HTEHCHUBHOCTI
HaIpy’KE€Hb Ha MEXI1 TPILIUHY, 110 JO3BOJIMIO IPOAHAII3yBaTH BIUIMB T'€OMETPIl Tija Ha
JIOKaJIi3aIlil0 HaMpyXeHOTo cTaHy. /[0 BUCHOBKIB, IIO CTOCYIOTHCS SIKICHOI MOBEIIHKH
HaIpy>KeHb, MO>KHA BIIHECTH 3pocTaHHs HanpyxeHb 1 KIH mpu ¢ikcoBanomy po3mipi

O1nb1101 MiBOCI cdepoina i craganHl Po3Mipy MEHIIOT MiBOCI.
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[IpoBeneHO TOpIBHSAHHSA OTPUMAHUX pE3yJdbTaTiB 3 TOYHUM AHAIITHYHUM
PO3B'I3KOM Il TPIIIMHU B TPaHCBEPCAIBHO-130TPOIHOMY IpocTopi. JlociikeHo

IPaKTUYHY 301KHICTh METOY PEIYKIIIi.
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PO3JILI 4

MPYKHUH TPAHCBEPCAJIbHO-I30TPOITHUM ITPOCTIP 3 IBOMA
OJHOBICHMUMMH NMAPAJIEJIBHUMU KPYT'OBUMMU TPILIMHAMMU

4.1 3aranpHa MOCTAaHOBKA 3aj1ayl

Posrastaemo npykHUI TpaHCBEpCaTbHO-130TPOMHUN POCTIP OCIA0ICHHUN TBOMA

OJHOBICHUMHU IIJIOCKMMHU HapanelbHUMU KpyroBumu tpimmuamu [ i 5. [loznaunmo
neHTpu 1ux TpimuH O 1 O,, a BiACTaHb MK HUMU SIK Z]5 (2o >0). Pagiycu Tpimun
[I03HAYMMO BIQNOBIAHO uyepe3 a; 1 ap. Ilpunmyckaemo, mo gico awnizomponii
TPaHCBEPCAIBHO-130TPOITHOTO TIPOCTOPY MPOXOAUTH Yepe3 OOuABa IIEHTPU TPIINIUH. Y
npocTopi (IKCyeMO JIE€KapTOBY CHCTEMY KOOpAMHAT (X,),Z) 1 3B’sA3aHy 3 HEIO
WIHIPUYHY CHCTEMY KoopauHat (P, @, z), 3 Biccro Oz, sKa Ma€ HAIPAMHHNA BEKTOP
00,

[ToTpiOHO BU3HAYUTH HATIPYKEHUI CTaH OMMCAHOTO MPOCTOPY B pa3i MPUKIIAICHHS
HOPMAaJILHOTO CTajJOT0 HABaHTaXXEHHS & JI0 OeperiB TpimuH. MaTeMaTU4YHO I 3a/1a4a

3BOJIUTBCA JI0 pO3B’A3aHHS KpailloBOi 3ajaui i CUCTEMHU pIBHSHb pPIBHOBaru

TpaHCBEPCAIBHO-130TPOITHOTO Tijia, MOAaH01 B po3auii 2 (piBHsHHA (2.8) Ta (2.9)), ne
(x,3,2)eQ=R>\ (I UT,).
['panuyni ymoBH Ha Oeperax TPIlllMH 331aI0ThCS Y TAKOMY BUIJISIAIL:
G, =0, Tpzr, =0, Tozr, =0 i=1,2. 4.1)
Jlns moOynoBM YacTMHHHUX PO3B’S3KIB cucTeMH piBHsAHB (2.8), (2.9), mio

Y3TOIKYIOThCS 3 TeoMeTpiero o6acTi €2, 3 K0xKHOI0 Toukow O i (LeHTPOM BiIIOBINHO]

TPINIMHH) OB’ SKEMO OJIHAKOBO HAIPaBJCHY 3 CHCTEMOIO KoopauHaT OX)z JOKaabHY

JIEKapTOBY CHCTEMY KoopauHaT (X Vs Z j) , @ TAKOXX JIB1 IEKAPTOB1 CUCTEMHU KOOPIUHAT

{(x jss Vs> Z js)}.%zl 1 1B1 CTUCHYTI cepoinaabHi CHCTEMH KOOPIUHAT {(E s n jso (P)}gzl ,
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Takl, 10 BiANOBiNalOTH ymoBaM (2.17). e ¢, — mapamerp cdepoigaabHOI CUCTEMH
KOOPJAMHAT, 1110 301raeThCs 3 pajiycoMm BiJIMOBIAHOI TPIIIUHH.

3 cniBBiHOMIEHD (2.17) BUIUIMBAE, 1110 HA NMOBEPXHI ; —1 TPIIMHU KOOPAUHATU

HaOyBaIOTh TaKUX 3HAYEHBT) ;1 =1 ;2 =1;.

4.2 TloOynoBa 3arajJbHOTO PO3B’S3KY 3ajadi Ta ii 3BEJECHHS 0 PO3B’A3yBAIbHOI

CHUCTCEMHU

3aranpHui po3B’sA30K 3aAa4i (2.8) — (2.9) 3anuimemMo y BUTIISIAL
; S5 S DO
Vix,y,z)= Z Z Z As;]nVs,n (E;jsa njs)’ (4.2)
s=1j=1n=0
e AS(’Jn) — HEBIJIOMI KOeQIIIEHTH, 3HAYCHHS SKUX HEOOXITHO BHU3HAYUTH B IpOIIeCi
pO3B’sI3aHHS 3a]1aul.
[Tepeiinemo 10 TpenCTaBICHHS BEKTOpa MEPEMIMICHb y KOXHINA 13 JIOKAJIBHHUX
CUCTEM KOOPJIMHAT. Y pe3yJbTaTi OTPUMAEMO:

- 2 B B B
Vi, y,2)=2, 2, A§}%’Gf;§6)(§1sa Nis) +

s=1n=0

2 o © B _ © .
+Z Z ALg,Zn) Z VS,]£6)(§IS» nls) Z En (64)] (aZS)f](46)k(_als) =
k=0

s=1n=0 Jj=n

2 - _
= Z Z A.g,lleS—i_lgl6) (‘ilss ﬁls) +
s=1n=0

2 o . 00 © )
+3 Y Vi OC ) Y AR Y g () (—ar); (43)
s=1n=0 k=0 j=k

. 28 (2)5+6) 2
V(xza Y2, 22) = Z Z AS,I’IVS,}’Z (a2S9 n2s) +
s=1n=0

2 o 0 150

—(6) 5 =~ ' 46)k

+3 3 AN Y VO Cpn o) X g P (@) £ (any) =
s=1n=0 k=0 j=n



89

2 o R B N
=3 Y AGWHO Epyfing) +
s=1n=0
2 L » B o0 o .
+3 YV P0C ) Y AN Y gV @) ap,). @4
s=1n=0 k=0 j=k

[lepeiinemo B HaBeAeHUX BuUlIE (opMyliax BiJ BEKTOPIB NEPEMIIIEHb 0
KOMIIOHEHT HanpyxeHb Ha moBepxHsax [} 1 I'p. [l mporo ckopucraemocs BHpa3oMm
(2.38):

; 28 (1) i H6) 2
FV(p, Zl)|F1 = Z As,nFVs,n (alssnls)yglszo +
s=1n=0

2 o L y _ 0 © .
DIDW A s, —0 2 Af]? > g (@) 1O (—ag)s
s=1n=0 k=0 j=k

; S QO
]TV(paZ2NIé =2 A5V (§2san2shé2szo'+

s=1n=0
o0 o0 o0
33 O Moo, 2o 2 AN Y g " @) 14 (@),
s=1n=0 k=0 j=k
[licns mepexoqy A0 KOOpPAMHATHOI (opMu 3amucy Oa3UCHUX HamnpyXeHb Ta
BpaxyBaHHS TPAHUYHUX YMOB OJIEPKYEMO PO3B’SI3yBaJIbHYy CUCTEMY PIBHSHB Yy TaKOMY
BUTJISAL:

2 2 0 0 )
Y G +DADWO + 3 e + 1,0 2 AR S g D (ay) 110 () =
s=1 s=1 k=0 j=k

4.5)

2 2 o o0
k.+1 ko+1_ _ _ ;
YAl e Y Y AR Y gV @) O Cay) =0; @46)

s=1 \Vs ’ s=1 \Vs k=0 Jj=k

2 2 o0 o )
Y Gy +DAC + 3 (g + 0,0 3 A0S gD (@) 117 (a) =
s=l1 s=I k=0 j=0
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(4.7)

Gaz

St
Cq4

2 2

k.+1 k +1
PRIy AR yh ikl ZA“zZg*““”(als)f(“@”wzs) 0, (48)
s=1 \/Z s=1 VVs = j=0

Jc

n 1 n 1
W+1 -0, (i0) = —(~ l)n+1\/— (2+ J =—P,(i0)=— 1 OSEF(2+2_j.
' F(ZH) \/; 2 F(ZH],

r(+1) ) { F(nﬂj
170 =~ 010) = (i) 2k 0 = PO (i0) =i Tcos D A2 4
F(n 1] Jr 2 F(n-l_lj

) 2 2

3ayBaXuMo, IO MpHU n=0 cucrema (4.5) — (4.8) 3aI0BOJBHSAETHCS MPHU

A_S,)q (2) =0 (s=1,2), 10 € HEOOX1THOK YMOBOI PETYJISIPHOCTI pO3B’s3KY (4.2).

Cuctemy (4.5) — (4.8) MoxkHa TTOAATH Y BUTJISIL:

2
Y (kg +1) 4% + Z 3 (2 45 = Zoag | 4.9)
=1 s=1k=1 T Cyhq

s+l 1), & Q22 @
Z\/~A§n ZZZ‘ A4

sk (4.10)
s=1 s=1k=1

s=1

= (4.11)
slk—lsnk sk TEC44
kg +1
Z A3 + ZZ&}}{A(D =12, ... 4.12)
s§= 1\/7 s=1k=l1

Jc

—0
(D = (k1) L OO, 02 (42

I’l

j,~(66)
+() s Jkon o
n
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A2 _k 1w, p66). (22) ks +1Wy h—(66)_

snk_ o+l skn > Yoonk 1 s,kn >
/ s W /S W

B0 = 3 g6 (a1 14 ).
j=k

7 (00) = S ¢ (g 2/ (ayy).
j=k

4.3  Amnami3 po3B’s3yBadbHOI CUCTEMHU

Teopema 4.1. Ilpu aj +ay,<zjp/4Vg,s=L2 oneparop cucrtemu e
(GpearosbMOBUM ONEPATOPOM B ITPOCTOPI /5.

JloBenenHnsi. TBep/UKEHHS TEOPEMHU BUILIMBAE 3 TOro (PakTy, IO BiAMOBIIHUIMA
ONepaTop CUCTEMU MOXKHA MOAATH y BUIJISAL CyMHU HENIEPEPBHO OOOPOTHOTO Ta ILIIKOM
HerepepBHOro onepaTopiB. BianmosigHo 10 Bizomoi Teopemu C. M. HikoabChKOTO, TaKUH
orepaTop HaJEXKHUTh 10 Kiacy (GppearoiabMoBux. s oOrpyHTYBaHHS MEPIIOTO 3 IHX

TBEP/DKCHBb JOCTATHHO IMOKA3aTH, MO0 BU3HAYHUK A, YTBOPECHUU 3 KOe(]IIiE€HTIB mpu

HeBiI[OMI/IX A(l) A(z) Yy nepmux cymax JIBUX YaCTHH plBH?IHI) CHUCTCMHU, HC I[OplBHIOG

S,n?
Hymo. e MoxHa nepeBipuTH 0e3mocepeIHb0, OCKUIBKU:
kl +1 k2 +1

A=l 41 kyr1|=fttket L o 2 Lo,
o | A

IIPU V| # V).
st moBedeHHsST MUIKOBUTOI (MTOBHOT) HEMEPEPBHOCTI Omeparopa CHCTEMH, IO

3a/1a€ThCSl HECKIHYEHHOIO MAaTPHUIICI0 3 eJIeMEHTaMU ;gi;qfi, SK BIJOMO, HEOOXIJIHO

BCTAHOBUTH 301KHICTb BIJMOBITHUX YHCIOBUX PAIB. 30KpeMa, MOTPIOHO MOKa3aTH, 110

301KHUMH € PSIIU BUTTISY
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Z:UOJ)\<w i, j,s=1,2. (4.13)
n,k=1

JloBemeMo 1ie, 30Kpema, s €IEMEHTIB tgl;j)/{. [MpoaudepenmiroeMo 00KIBI

YaCTHHH TOTOKHOCTI (2.122) 3a 3minHOI0 &9, a IOTIM TMiICTaBUMO 3HadeHHs &y =0

0  +6),z = o 0 +(66)
~ ’ P N — ) _ h . .
e Uy (E1s nls)|§2S_0 kZO 8§2 uk (i2s r|2s)|g)2 =0 k.n (4.14)

3ayBa)KUMO, 1110 BIAMOBIAHA (QYHKIIIS

01 arschfy cosnyg

aéZs alsChgls COsS ﬁls

€  PEryJspHOIO npu ézs =0, a pax B (4.14) 30iraetbcs npH
ag +ar, <zpo /vy, s =1,2. Cxopucraemocs pisHictio IlapceBansa mnsa psany (4.14),

1100 OTPUMATH OIIHKY HOro 3015KHOCTI:

2
j &, ou®
0 a§2s 5§1s

2 1 66
sinfiogdiin, =3 -2 | PGP P
q k=1

(‘ils’ Tlls)|§J -0

[Ticast mincTaHOBKM Yy HaBeleHY (opmyity |Pk(1)(z‘0) 2 migcymyemo o6unsi ii

YaCTUHU OCTaHHBOI (POPMYJIH 3a 1HJAEKCOM 7 BiJ] OJIMHUIN JO HECKIHUCHHOCTI:

2
aE.»ls a”+6 S = N .~ _—
nZ 1{) 05y OE1 s> Mg, =o| SN M25M2g =
2
21 y 2 2Tck C(k/2+1) | o0 2. wis)
T g” pke 12k+1 T(k/2+1/2)] skn

[3 BimoMUX acHUMNOTOTHYHUX BIacTuBOcTed GyHKIK Jlexanapa mepmoro Ta
JpYroro pojly BHIUIMBAE, IO PSAJ y JiBIM YacTHHI OCTaHHBOI (HOPMYJIHU € 301KHUM.
Biarak, 3a piBHicTIO (4.15), 30iraeTbcsi TakoX 1 psiA y NpaBiii YaCTHUHI TOTOKHOCTI.

AHAJIOTTYHUM YHHOM MOXHA JJOBECTH 301KHICTD PSATY BUIY:

2
= C(k/2+1
> 2 o2 (k/2+1) OO (4.16)
2k 2 |F(k/2+1/2)
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3 1HIIOTO OOKY,

2

0 0
> ) P 12 Y WO B0 =k, )’ Z sin” =2
n,k=1 n,k=1

+(66) 2

s Jkon

s=1,2

JIO TOTO XK PAJl

2
2 |, +(66)
Z sin sk,n

n,k=l1
MaXKOPYETHCS PAIOM

2

i 4 | T(k/2+1) (60 2

2k + 1D (k/2+1/2)| skn

301KHICTB SKOTO BHILIMBAE 31 301:KHOCTI psaAiB (4.15), (4.16).
AHanoriyHi MipKyBaHHs 3aCTOCOBYIOThCS JJIs JOBEACHHS HepiBHOCTI (4.13) mpu

IHIIMX 3HAYEHHSAX IHACKCIB i Ta ;.

OT1xe, TeopemMy MOBHICTIO IOBEJICHO.
4.4 YucenbHUN €KCIEPUMEHT

J1yist BU3HAYEHHS HAMPYKEHOTO CTaHy B PO3MIISIHYTIN 3a/1a4l HEOOX1HO 3/I1HCHUTH
YUCceIbHE PO3B’sI3aHHS cucTeMU PiBHSHB (4.9)—(4.12). OckiIbKY BIATOBITHUN ONepaTop
€ ppenroIbMOBUM, 3aCTOCYBAHHS METOy PEAYKIlli € KOPEKTHUM 1 OOTPYHTOBAHHM.

OTpumaHe 4YHcellbHE PO3B’SI3aHHA BUKOPHUCTOBYETHCA JIJIsi OOUMCIICHHS MEBHHUX
XapaKTEepPHUX KOMIIOHEHT HamNpyXeHb. 30Kpema, (opmyna g HOPMAaIbHOTO

Hanpy>KeHHsI Ha oBepxHi z; = 0 30BHI TpimuHU '] Mae BUIIISIA:
1 .
) ; 400, (ishE ) +
Y (1)
6, =——2—> (ky+1)3 >, B, (0 2. (6
o —afsa | #RGshE, >ZA( e

4.17)

Amnarnoriyaa ¢opMmyJia CripaBIXKy€eThCsl 1 B IUIOIKHI TpiuHU 15 .

Sk BuruinBae 3 popmyiu (4.17), HopMaabHE HANIPYKEHHS IEMOHCTPYE XapaKTEepHY

KOpPEHEBY OCOOJUBICTh MOOIW3Y BEPIIMHM TPIMHHA. JIJIsi KUIBKICHOTO TOPIBHSIHHS
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3HaYeHb HANPYKEHb 3a PI3HUX MapaMmeTpiB 3a4ayl BBOJATh KOCQIIIEHT IHTEHCUBHOCTI

2 2
. T Ozz=0 \/P" —a
Ki,= Im — 2220 VP

po>a+02 © a

HarpyxeHb (KIH):

z

[Tepexin y cuctemi (4.9) — (4.12) no 6€3p0o3MipHUX HEBIJOMUX 32 (HOPMYIIOLO:

; 20ay ~(;
A =299 50
T C44

MPUBOIUTH 10 Takoi popmymnu s KIH:

2 o0 ~(1)
Ky, = Z (ks +1) Z As,Zk—l :
k=1

s=1
UucenbHl poO3paxyHKU BUKOHYBIMCS ISl BHUIIAQJKy, KOJHM MaTepiajJom

TPaHCBEPCAIBHO-130TPOIMHOIO MPOCTOPY OOpPaHO MICKOBUK 13 HACTYIHUMHU NPYKHUMU

xapakTepucTHKamMu: ¢q; =5.8576-1010Ta, ¢, =2.5019-10'TIa, ¢;3 =2.0793-10' ITa

. ¢33=6.1105-10'"TIa, 44 =1.6584-10!Tla. Jlns rakoro marepiany kopeni
XapaKTepUCTUUHOrO piBHHHA (2.15) ctanoBmars vy =0.52, v, =2.01.

B Tabmuui 4.1 HaBeneHO pe3yibTaTH YHUCENBHOIO PO3PAXYHKY KOE(IIEHTIB

IHTEHCUBHOCTI HaIpy’keHb K|, 3aleXHO BIJ BIJHOCHUX pO3MIpIB TpIIIMH, SKi

BU3HAYAIOTHCS K BiHOIICHHS PajiyCiB TPIIIKH J0 BIJICTaHI MiX iX IIEHTPAMH.
Pesynbrat mokasyioTh, 1m0 mpu (IKCOBAaHOMY pO3Mipi MEpIIoi TPIIUHU Ta
NOCTYIIOBOMY 301IbIIIEHH] po3Mipy pyroi Tpimunau 3HaueHHss KIH aemio 3mMeHmyeTses.
HaBmaku, mpu 3pocTanHi po3Mipy Meprnoi TpIinuHU 3a (PIKCOBAHOTO PO3MIpYy APYyTOi
cnocrepiraetbcsi 3poctanHs KIH. Otpumani pesynbpraté A00pe y3rOKYIOThCS 3
BIJIOMHUM 3HAYEHHSM Koe(]illieHTa IHTEHCUBHOCTI HOpPMaJbHUX HampyxeHb 0.6366 110
BIJIMOBIa€ BUMAAKY OJHIET 1301b0BaHOI TpilMHU. Ha OCHOBI MpOBEICHUX PO3PaXyHKIB
MOKHa c(OpMyJTIOBaTH Takuil sikichuii BucHOBOK: KIH y BepiuHi TpiuHu € OUIbIINM
y BUIAJKy HasBHOCTI JIMIIE OAHIE] HABAHTAXEHOI TPILIMHU, HIK Yy BHUMNAAKY, KOJHU

HaBaHTaXEH1 OOMIBI TPIIIUHHU.
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Tabmuus 4.1 — 3HadueHHSA KOE(ILIEHTIB IHTEHCUBHOCTI HampyXeHb Kj, B

3aJIeKHOCTI Bl BIAHOCHUX PO3MIpIB TPILLIMH

22\ 0.05 0.20 0.35

Z12 Z12

0.05 0.63644 0.636647 0.63651
0.20 0.62612 0.62758 0.63012
035 0.58966 0.59488 0.60468

I'padiku po3noniny HOpMaIbHUX HalpyKeHb Y IUIOMMHI z| =0 30BHI TPIIMHU
I'y naBeneno Ha pucyHkax 4.1,4.2. Ha pucynoky 4.1 QikcyeTbcst po3Mip nepuioi
TpiHN a) / z1p =0.05 1 3miHIOIOTBCS po3Mipu apyroi. Ha pucynoky 4.2, dikcyeTbes
po3mip apyroi a,/zyjp =0.35, a 3MIHIO€TBCS PO3MIp HeEpIIOl. Y NEpHIOMY BHUMAIKY
CIIOCTEPITAEThCS 3MEHIIEHHS 3HAYeHb HOPMAIBHOTO HAMpPYXKEHHS 31 3POCTAHHIM

PO3MIpy Apyroi TPIUHU. Y APYroMy — HaBIaKH, HAIIPY>KEHHS 3pOCTAE 31 301IbIIICHHAM

pPO3MIpY MEPIIOi TPIIMHHU.

c-z/a\

ty /51y =0.05

05

ty /%,,=0.35

¢, /2,,=050

e
-

0.0 + ¥

-0.2

Pucynok 4.1 — I'padiku po3noniny HanpyxeHb G, /G B mouuHi z; =0 30BHI

tpinwau Iy mpu a; / zyp =0.05
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oz/a\

0.5

#1/%,=025

d,/%,,=0.15

ay/%,, =0.08

00
10 15 25p /4

-0.2

Pucynok 4.2 — I'padiku po3noainy HanpyxkeHb G, /G B miommHi z; =0 30BHI

TpinHK Iy npu a, / z;5 =0.35

Ta6muis 4.2 — 301KHICTH METOIY PEAYKINT HA MPUKIIaAl O0UMCICHHS HAIPY >KEHHS
6,/cnpu ay/zjp=ay/z1p=0.25
p/a 1.1 1.3 1.5 1.7 1.9
Nmax =15 [0.625291 0.184617 0.0872431 | 0.0488844 |0.0302942

Nmax =20 [ 0.625291 0.184617 0.0872429 | 0.0488430 | 0.0302903

VY tabnuui 4.2 Ha NpUKIaAl OOUKCIEHHS HOPMAJIbHOIO HANpyKeHHS G, /G Tpu
ay/ z1p =ay / z1p =0.25 IpPOAEMOHCTPOBAHO NPAKTUYHY 301KHICTD METOLY PEAyKLii.
Tyt napametp 7, BU3HAYAE KUIbKICTh HEBIJOMUX KOC(ILIEHTIB A&? OJIHI€T TPYTIH, K1

BPaxOBYIOThCS B PENYKOBaHIM cucTemi. BiamoBigHO, PO3MIPHICTE MATPHI TaKoOl

CHCTEMH JIOPIBHIOE 4ny . X 41,y . Pe3ynbTaTn, HaBeneH1 B Tabuuni 4.2, cBiA4aTh Ipo
T€, 110 BIJIHOCHA MOXMOKa OOYMCIIEHHS HampyXeHb Ha iHTepBaii p/a; €(1.1,1.9) nHe

nepesutye 0.013 %.

B npotieci qocmikeHHsT TakoK 0OYUCTIOBAIUCS 1 JOTUYHI HAITPY>KEHHS Ty, OpH

z1=0, p/a; >1, ogHak iX 3HaUEHHs BUSBHJINCS HA MOPSAAOK MEHIIMMH 33 HOPMaJbHI

HAIIPY>XKCHHA, TOMY BOHU HC HABOIATHCA.
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BucHoBok 110 po3ainy

VY upoMy po3aii JTOCHIIKEHO 3a7ady MPO HAMPYKEHUM CTaH TPaHCBEPCAIbHO-
130TPOIHOTO MPOCTOPY, OCIAOJICHOTO JBOMA MapajelbHUMU KPYTOBHUMH TPIIIMHAMM,
IIEHTPU SKUX pO3TalloBaHI Ha OCi aHi3oTpomii mpoctopy. Jlo IUIommMH TpIlUH
NpUKIIaJIeHe cTaje HOPMaJbHE HABAHTAKEHHSI.

3amady po3B’sA3aHO 3a JOMIOMOTOI0 y3aranbHeHoro meroay dyp’e. /[ mporo Oyio
BBEJICHO CTHUCHYTI cQepoifanbHl CHUCTEMU KOOpPIAWHAT, LEHTPOBaHI B TOYKAaX, IO
BIJIOBIJAIOTh LEHTPaM TPILIUH. 3araJibHUi po3B’s30K MOOYIOBAHO y BUIJISAI PSJIIB 3a
O0CECUMETPUYHUMHU 0a3MCHUMH BEKTOPHUMHU PO3B’I3KaMU CHUCTEMHU PIBHSHb PIBHOBATU B
chepoinanbHUX KOOpAuHaTax, ski Oynu panime orpumani O. I'. HikonaeBum. [ns
peamizamii MeTOAy MPOBEACHO MOAAIBINIUNA PO3BUTOK HOTO amapary Ha BHUIAJOK
CTUCHYTHUX c(epoifaabHUX KOOPAUHAT 13 MoYaTKaMu, 3MIIIIEHUMH B3JI0BXK ocl Oz.

VYHacniiok 3acToCyBaHHS y3arajibHeHoro Mmeroay Dyp’e 3agady 3BEIEHO 0
HECKIHYEHHOI CHCTEMH JIHIMHMX alreOpaidHuX piBHAHB. JlOBeAeHO, IO 3a TEBHHX
r€OMETPUKO-MEXaHIYHUX YMOB ONeparop Li€i cuctemMu € ¢GpearoabmMoBum. [is
YUCEIHHOTO PO3B’S3aHHS BUKOPUCTAHO METO] PEIYKIIii.

OTtpumano rpadiku po3noAily HOpMaIbHUX HANIPYKEHB Y IUTOMIMHI TPIIIMHA 11032
il MexaMu, a TaKOX 3HaUeHHA Koe(dilieHTiB iHTeHCUBHOCTI Harpy:keHb (KIH) y BepunHi
TPIIMHU 3a PI3HUX CIIBBIJHONIEHb T€OMETPUUHHMX NapamerpiB. Pesynbratu mo0pe
Y3TrOKYIOTBCA 3 BIIOMUMH aHATITUYHUMHU OLIHKAMH JJIs 3a7a4l 3 OJHIEI0 TPIIIUHOIO.
OkpiM TOro, HPOJEMOHCTPOBAHO MpPAKTUYHY 30LKHICTH METOAY pPEayKIii, 10

MiATBEP/KYE HOro ePeKTUBHICTh Y PO3B’I3aHHI MOIOHUX 3aa4.
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PO3JILT 5

JAEAKI 3AJJAYI IJ1A TPAHCBEPCAJIBHO-I30OTPOITHOI'O ITPOCTOPY
3 HEPIOAUYHUMU CUCTEMAMMU TPIIUH

5.1 3arasbHa IOCTaHOBKA 3a7a4l

PosrisitHemMo mpy>KHUN TpaHCBEPCATbHO-130TPOMHUNA MPOCTIP 3 HECKIHUYEHHOIO
CHCTEMOIO OJIHOBICHHX MapaiebHuX [UIOCKUX KpyroBux Tpitms {[;}72_, . Tlo3Haunmo
LeHTpH TpilmH K {O;}72_,, Bincranb Mix Tpinmuamu h (h>0), pagiycu BinmoBixHux
TpilMH ¢;. [Ipumyckaemo, 110 Bich aHI30TPOIIT TPAHCBEPCAIBHO-130TPOITHOIO IIPOCTOPY

MPOXOJUTh Yepe3 yCl MEHTPU TPImKH. 3adiKCyeMO B MPOCTOPiI JEKAPTOBY CHUCTEMY

KoopauHaT (X, y,Z) i 3B’43aHy 3 HEHO HUIHAPUYHY cucTeMy (P, ¢, Z) 3 IMOYaTKaMH B

Touni Oy, 3 Bicco Oz, sika Mae Hanpsimauit Bekrop OpO; .

HeoOximHo BHU3HAYWTH HANpPYXKEHUW CTaH BUIIEBKA3aHOTO IPOCTOPY B pasi
NPUKJIAJACHHS HOPMAJIBHOTO CTaJIOTO0 HaBaHTAXEHHA o J0 OeperiB  TPIilIuH.
MaTemMaTH9HO 3a/1a4a 3BOJIUTHCS JI0 PO3B’sI3aHHS KpaloBoi 3a1a4i JUIsl CHCTEMH PIBHSIHB
PIBHOBAaru TPaHCBEPCAIBHO-130TPOIHOIO TiJia, MOJaHOi B po3aiii 2 (piBHAHHS (2.8)—

(2.9)), ne

o0
(x,y,2)eQ=R>\ |J I},

[=—00
['paHMYHI yMOBHU MaIOTh BHUTJIS:
O.r, ==C, Tpzr, =0, Ty r, =0; [=—0+w0, (5.1)
YMOBHM Ha HECKIHUEHHOCTI OYIyTh OOrOBOPIOBATHCS MI3HIIIIE.

Jns moOynoBM YacCTHHHMX PO3B’SI3KIB cHCTeMHU piBHsIHL (2.8), (2.9), sxi

BIJIIOBIAIOTh TeOMETpii 00JacTi Q, 3 KOXKHOIO TOYKOK () IOB’SHKEMO OJHAKOBO

HaIIPpaBJICHY 3 CUCTCMOIO KOOpIWHAT Oxyz JIOKAJIBHY JACKAPTOBY CHCTCMY KOOPAMHAT



99
(x7,¥7,27), a Takoxk AB1 JekapToBl {(Xy, Vg, Z1g)}s=1 1 JBl CTHCHYTI cdepoinaibHi
{(%ls, N/s» (p)}%zl CUCTEMHU KOOpPJMHAT, TakKi, 110 BINOB11at0Th yMOBI (2.17).
Tyt ¢, — mapamerp cdepoinalbHOI CHCTEMH, SKH 30Ira€Tbcsa 3 pPailycom
BIJIMOBITHOT TPILLIMHU, PIBHSAHHS TOBEPXHI [—i Tpimmun € Ei =0,

[3 ciBBiHOIIEHh MK KOOPJMHATaMH BUILIMBAE, 1110 HAa MOBEPXHI [—i TPIUHU

KOOpAMHATA T 1= 1 ="
5.2 ITloGynmoBa po3B'sI3Ky 3aJ1adi B 3arajibHii ITOCTAHOBII

bynemo mrykatu po3B'a3ok 3agadi (2.8) — (2.9) 3 peryJsspHUMH yMOBamu IpH

p —> co Y BUIIISII
; SR D O
Vix,y,z)= Z Z Z As,nVs,n (élsa T]ls) ) (5.2)
s=1/=—00n=0
ne Ag,)? — HeB1AOMI1 Koe(DIIlieHTH, K1 HEOOX1THO 3HAUTHU B MPOILIEC] PO3B’ I3aHHS 3a/1aui.
CkopucTaeMoCh pe3yJIbTaToM, I0BEJIEHUM B po3/iii 2 (Teopema 2.3)

[TeperBopumo BekTOp mepemimieHsb (5.2) 3a gomomoror (opmynu (2.121) mo

KOHOT OKpEMOi CHUCTEMHU KOOpIMHAT. B pe3ynbrari Maemo:

V(x1,1,21) = Z Z A(Z)V+(6)(§ls,ﬁls)+
s=1n=0

2 ® o0 0
5—(6),8 = N 64) j 46
+Z Z Vs,zg )(izs, Njs) Z Z (DZtkAs(:q]? Z g](c,m)_Jl(ams)f( )n(als) (5.3)
s=1n=0 m#l k=0 j=k
[Ticns nepexony B popmyii (5.2) Bix nepeMilieHb JO HalpyKeHb Ha noBepxHi 17
1 BUKOHAHHS TPaHUYHUX YMOB (5.1) oTprMaemMo po3B’si3yBajibHY CUCTEMY:

2 ~
> (kg +D| AN + Y Zt“”’A(”” 25,1 (5.4)
o1 m=1 k=0 n
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kg +1
3 k! A(” FY Y A <o (5.5)
s=1 m#l k=0

Jc

n2ay .. n+l2a
toml =" 2 sin(rn ) )RV s (5 = T 228 cos(mn [ 2)ROD
/]'c al 2% 2 TC al 2% b

o0

66 64 46

Ag;)q oaqp A(l) h( i ’)S’ = Z gl({ m)][(ams)f( )n(as)
C44 =k

3ayBaxuMo, IO MpHU n=0 cucrema (5.4) — (5.5) 3am0BOJBHSETHCS MpPHU

,Zggl;l =0 (s=1,2), 110 € HEOOXITHOIO YMOBOIO PETYJISIPHOCTI pO3B’s3KY (5.2).

5.3 Po3B's3anHs 337124 3 NEPIOJUYHOIO CUCTEMOIO TPILLIUH

Jlns Toro, mo06 MOCTaBUTU MEPIOJUYHY 3aaady, Clif 3’scyBaTH, 10 Tpeda
PO3YMITH MiJI TaKOK 3ajJlaueto. 3ayBaKUMO, 1[0 HE JISl BCAKOI CUCTEMHM TPIIIUH, SKa
NEPIOIMYHO MTOBTOPIOETHCS, MOKHA KOPEKTHO TIOCTABUTH MEPIOUYHY 3a1a4dy. B poOoTi
[142] Gyna 3amporoHOBaHa i/iesl MPEeACTaBHUIILKOTO IIapy B TEPMOMPYKHIN 3a1a4i s
NepioIMYHOI CUCTEMU CPEPUYHUX BKIIOYEHBb, HA MEXAX SIKOTO BHOMpAIUCS TpaHU4HI
YMOBH, fKl JOIyCKajdu MEPIOAUYHE MPOJOBKEHHS 10 HECKIHYEHHOCTI. 3a3BU4Yail 1€
MIeBHI OJTHOP1AHI YMOBH, K1 MOKHA peaji3yBaTH Ha HECKIHUEHHOCTI. AJle, SIKIIO Y CTaTTI
[142] mnepionuuHa 3amada Oyjida 3aMiHeHa Ha  €KBIBAJEHTHY 3ajady s
MPEICTaBHUIILKOTO MIAPY, TO B JIaHii poOOTI pO3B’SI3YIOTHCS caMe MepioAnyHI 3ajadi, a
YMOBHM Ha MeXaX MPEJACTaBHUILKOIO APy MEPEBIPSAIOTHCS YHUCENbHO (iX BUKOHAHHS

BUILIMBAE 3 TIEBHOI CUMETPIi PO3MIISTHYTUX 3a]1a4).
5.3.1 Koudirypamis 1

Posrnsaemo cucremy omHakoBux TpinuH (KoHirypartis 1). [IpencraBHUIIbKUM

map JiJIsi TaKoi CUCTEMHU 300paK€HO Ha PUCYHKY S.1.
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[
o
1t
a L1
=
L

0,

Pucynok 5.1 — IlpeacraBuunpkuii map. Kondiryparis 1

OckUIbKM 3a/a4a € TMEepPIOIMYHOI0, TO HEBIIOMI KOE]illl€EHTH 21& HE MOBUHHI

3aJIeKaTH B1JT IHAEKCY [ Toni cucremy (5.4), (5.5) MoxHa IEpenUCcaTi Y TAKOMY BHTJISII:

2 0
~ O 2
Z(ksH){As,nJrz erSZ“k} SR (5.6)
k=1

s=1 m=0

m=0

2 k +1
0
{ Z%kZﬁ%} (5.7)
s=l1 \/7
Teopema 5.1. [Ipu BUKOHAHHI YMOBH djg + d,,s <h/ Vg, [ #m, s=1,2 oneparop
cucremi (5.6), (5.7) € hpenronbMoBUM ONEPATOPOM Y TUIIEOEPTOBOMY IIPOCTOPi [y X 5 .

JloBeaenHsi. [Ij1s1 ToBEICHHS TEOPEMH JIOCTATHBO MTOKA3aTH a0COJIFOTHY 301KHICTh

psiB

o0
SO Sm 201 s=1,2 [=—0 500,

r.nk
n,k=1m=l

[Toznauumo
Z _ 1 \Y VS ams
s,m,l — A .
2\m—1|h
Posrasaaemo psig
o0 o0
(64) ) (46)n
)OI NP AT Fa i (BT}
m#ln,k=1j=k
Moro MoxHa epeTBOPHTH LLISXOM 3aMiHHU HOPSIKIB Ta iHAEKCIB [ ACYMOBYBAHHS

Ha PSAU BUTTISLY
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m#l j,p=1 oM m il sIT(j—s+3/2) —l r'U'(p—r+3/2)

CkopucTaeMOCh OI[IHKaMu

[j/2] 1 [j/2] 1 J 1 2J

2

< —_—=—
ST -s+3/2) D sT(—-s+1) Sgbs!(j—s)! jl7

IN

[p/2] p-1
5 (p—2r+1/2) Z 1 < 2

S riT(p-r+3/2) Zri(p-1-n! (p-DI

B pesynbTaTi BUXIAHUI PSJT MAKOPYETHCS PSIIOM

2 Z (p+J)'— zi 2 g -
(p—

m#l j,p=1

- (p+ ! \/>ams jH[\/Z% ]p
s 5 i e ||

m;tljplf(p DI |m—1|h m—1|h

i (p+)) {\/Zam]j”{\/g%}p y—
J-P=

=Dk h ) parlm—1pPH

_1
4

_1
4,

S S A [WHWJ 23 =

4J =0, p= _1/!I(p—D)! h (= 1t2

_ﬁ i (p+.J)! [famsjjﬂ[\/i%j

12]0p1]'(p ! h
OctanHil psax 30iraeTbes Ipu ajg + a,,g <h /vy .

UucenbHl pe3ydabTaTH [Js BCIX PO3MISTHYTHX KOHQIrypamii OTpUMaHO IS

Mmarepialy = OpOCTOpY, SKHM €  TICKOBHK 3  TNPYXXHAMH  KOHCTaHTaMH
c11=5.8576-10!Pa , c1r =2.5019-10'Pa, c13=2.0793-10'" Pa,
c33=06.1 105-10'Pa, C44 =1.6584-10!°Pa. Jns mboro kopemi pisusmEs (2.15)
IopiBHIOWOTH vy =0.52, v, =2.01.

Ha pucynky 5.2 300pakeHO pO3IOJia HamnpykeHb G, /G y IUIOMIMHI TPIIIUHU

1mo3a 11 MEXEI0 B 3aJIe)KHOCTI Bij BIJIHOCHOTO PO3MIPY TPIIIMHHU y MPEACTAaBHUIIBKOMY
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mrapi. Ha nboMy pucyHKy Ta Ha BCIX 1HIIUX JIiHIT, To3HauyeHoi O * , BIITIOB1/1a€ PO3MOLI
HANpYy>KeHb Ui OJHi€l TPIIMHK Y BChOMY IIpOCTOpi. Ii HaBeJEeHO IS TOPiBHSAHHS,
OCKUJIbKH 3a/1a4a JUIsl OJHIET TPIIIMHNA Ma€ TOYHUN PO3B'A30K Y 3aMKHEHOMY BUTJISAI

GZ(p,O)/G|p>a :EL—zarcsin 4
s p2—a2 T p

3ayBa)XMMO, 110 TaKe HAMPYKEHHs HE 3aJIeXKUTh BiJ] MPYKHUX CTAJIUX MaTepiairy
MPOCTOPY 1 Ma€ TOM K€ BUJ, 110 1 JJIsl 130TPOITHOTO MIPOCTOPY.

I'padixku Ha pUCYHKY 5.2 MOKa3yIOTh, IO NEPIOJUYHA CUCTEMA TPILIUH 3MEHIIYE
HOpMaJlbHE HABaHTAKEHHS B IUIOIIMHI KOXKHOI TPIIIMHU MO BIJHOUIEHHIO JO OJHIET
TPIIMHYU, TPUYOMY YUM OUIbILIE BIAHOCHUM pO3Mip TpilMHHU (IpU (DIKCOBAHOMY a
3MEHIIY€eThCs BUCOTa mapy 2h), Tum mMeHie HanpyskeHHs. [1o1i0HuM YUHOM MOBOASTH
cebe Koe(IilieHTH 1HTEHCUBHOCTI HampyxeHb (Tabmuis 5.1). Jna xondirypami 1 ix
MOHA 00UUCIUTH 32 HOPMYIIOIO

2 00
K, = lim 2n(p—a)o,(p,0)= G\/EZ (kg +1) Z les,n

p—>a+0 s=1 n=1

o:(p/a,0)/c

0.6
G*

\ ah=0.2
0.4

af=0.25
0.2 k
ah=0.3
_-_—__—_-_'—-—-—
_—__-_-_-_'_'—-—-—
1.0 1.25 1.5 1.75 pla

Pucynok 5.2 — Po3noain HanpyxeHb G, / G B 3aJI€KHOCTI BiI BIAHOCHOTO

po3mipy Tpinuau. Kondirypaiis 1
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VY tabaumi 5.1 HaBeneHO 3aJIeKHICTh KOE(ILIEHTIB IHTEHCHUBHOCTI HAIPY’KEHb
(KIH) Bix mapametpa alh. Tyt 3HauenHo d /h=0.0 signosinae IPAaHUYHUN BUNAJ0K

h— , TOOTO OJIHA TPIITMHA Y IPOCTOPI.

Tabmuusa 5.1 — 3anexnictes KIH Bix po3mipis Tpimus. Kondiryparnis 1
alh 0.0 0.1 02 | 025 | 03

Klz/(G\/;) 1.128 | 1.123 | 1.089 | 1.061 | 1.029

5.3.2 Koudiryparmis 2

Posrnsnemo iHImIy KoOHQIrypaiio TpilIUH Yy TPEACTaBHUIIBKOMY  IIapi
(pucyHok 5.3). Ilo3Hauumo i YMOBHO ag —aj —agy —aj .
Po3B's30k 3agaui (2.8) — (2.9) ms koudiryparii 2 mae Buriszn (5.2), B SkoMmy

A§,21’5+j):A(j) A+ =4, j=0,1; [=—c0=+00.

S,

Z
h 01 a
0 a

Pucynox 5.3 — IlpencraBuunbkuit map. Kondiryparis 2

Po3B’si3yBanbHa cucTeMa TyT 3alIUCYEThCA TAK:

s=1

2 1 o
~(l ~(j 2m+il| 2 )
Z(ks+1>[A§,%+ DI IV AN VR A ]—;8,1,1,

2 1 o
kg +1| ~( ~(j 2m+ .l
> {4&%2 AR X i }—0
)

j=0k=1  m:2m+ )=l
n=1+w, [=0,1.
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JloBeneHHsT (PEeArosbMOBOCTI ONEpaTopa CUCTEMHU AHAJOTIYHO JOBEIAECHHIO

TeopemH 5.1, TOMy TyT 1 1aJii HE HABOJAUTHCS.

Pe3ynbraTu po3paxyHKiB HaBeACHO B TaOnuIll 5.2 1 Ha pUCYHKY 5.4.

Tabmuus 5.2 — 3anexnicts KIH Binx po3mipis Tpimun. Kondirypartis 2
(ag/ h,ay/h) (0.1,0.3) | (0.4,0.2) | (0.5,0.1)

Ky | (Jago).z=0 | 1013 | 1071 | 1.060
K./ (Jao)z=h | 1107 0912 | 0752

Pi3H1 32 po3MipOM TPILIMHYU Yy NPEACTABHULBKOMY APl BJK€ BIUIMBAIOTh OJJHA HA
OJIHY MpU OOYHUCIICHHI KOCQIIIEHTIB 1HTEHCUBHOCTI 1 PO3MOLIY HAIpPYXEHb B OKOJII
TpimmH. MeHma 3a po3Mipom TpimuHa 30ubye KIH Ouiblnoi TpiliiHU 1 HAaBMAKH,
oinpma — 3mentrye KIH menmoi. [TogioHa cuTyartist cioctepiraeTbes i 3 HalpyKeHHSIMHU.

KpiM Toro, B TUIONIMHI MEHIIOT TPIIUHY 3’ IBISETHCSA 00J1aCTh CTUCKAIOYMX HAIPY>KEHb.

. (p/a,0)/c
% [
\ S ao/h=0.1; a,/h=0.3; 7=h
0.6 \
K ag/h=0.15; a,/k=0.45; ;=h
0.4 \
% ag/1=0.1; a,/h=0.3; ;=0
0.2 \ K
\ \ ay/h=0.15; ay/h=0.45; z=0
&"“‘——————__
-_-____-_'_'—'—-——
0.0 1.0 N1.25 1.5 1.75 pla
\ ]
-0.2

PucyHnok 5.4 — Po3nonin HanpyxeHb G, / G B 3aJI€KHOCTI Bij

BITHOCHOTO po3Mipy Tpimuuu. Koudiryparis 2
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5.3.3 Kondirypartis 3

3 nABOMa pI3HUMHU 3a pPO3MiIpamMu TpPIIIMHAMM MOKHA YTBOPUTH WI€ OJHY
KOH(DIrypairiro, MpeACTaBHUIILKHUI Iap SKOi 300pakeHo Ha pucyHKy 5.5. [lo3Haummo i
YMOBHO ag —ay —ay — day.

Po3B's30k 3amaudi (2.8) — (2.9) nns koudiryparii 3 mae Burmsig (5.2), B sKoMy

3/ .
As(’n+J) Abgfn), az;,j=a;, j=0+2, [|=—0+0w, a_j=ay,-

—1 |
h 01 i
— 2

Pucynok 5.5 — IlpeacraBuunbkuii map. Kondiryparis 3

Po3B’s3yBanbHa cucTeMa JUIA i€l 3a/1a4i Taka:

! ' 3m+il | 2o .
Z(k +1)| AL + Z ZAS(j,Q > gk =8
j=0k=1 m: 3m+ j#l

2k+1

2 o . .
A(l) + 3 4U) 3 S3mEjil | .
/ k Ln,k >
S 1 S Dnﬂ

b

j=0k=1 m: 3m+ j#l
n=1+w, [=0,1,2.

PesynbraTi po3paxyHkiB HaBeAeHO B Tabmwuili 5.3 1 Ha pUCyHKY 5.6.
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c.(p/a 0)c
|
g* = - -

\— ag/B=0.5; a;/8=0.1; 7=0

\
0.6

ao/h=0.1; a,/8=0.3; z=h

0.4 \

\ o/h=0.1; a,/h=0.3; 7=0
0.2 \<
\ \ ao/M=0.5; a1/h=0.1; 7=h

—_—-—-_—__—-——
_____—-__'_'———
0000 123 ——_ 175 pa
-_—_-_-—_‘_——-
|
h—___'_'—_—-
0.2

PucyHnok 5.6 — Po3nonin HanpyxeHb G, / G B 3aJI€KHOCTI B/l BITHOCHOTO

po3mipy TpimuHu. Kongirypauis 3

IIpu opHakoBUX poO3MiIpax TpIIMH JBOX OcTaHHIX KoHpirypauiid KIH 1
HaIpy>KeHHS B IUIONIUHI Z =0 mamo BIJIPI3HSAIOTHCS OJIMH BiJl OJTHOTO. Pi3HHUIIO MOXKHA

IIOMITUTH HA IUIOMNH]I Z = h, 7€ B3aeMoit0Th Tpimmuu I 1 'y

Tabnuusa 5.3 — 3anexnicts KIH Binx po3mipis Tpimmn. Kondiryparris 3
(ag/ h,ay/h) (0.1,0.3) | (0.4,0.2) | (0.5,0.1)

Ky, /(Jage),z=0 | 1005 | 1.092 | 1.102

Ky, /(Jayo),z=h | 1.071 | 0988 | 0.901

5.3.4 Koundirypamii 4 ta 5

Tenep posrisHeMo  KoH(piryparmii 3  TphOMa  PI3HUMH  TPINIAHAMH.

[IpencraBHuUIbKU map A1l IEPIIoi 3 HUX 300pakeHo Ha pucyHKy 5.7. [loznaummo i

YMOBHO CZO —al —612 —al —CZO .
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h 0, il
|
h O, ]
00 ‘iU P
1 ]
(28] &
0, &

Pucynox 5.7 — IlpencraBuunpkuii map. Kondiryparis 4

Po3B's30k 3agaui (2.8) — (2.9) nns koudirypartii 4 mae Burisifn (5.2), B askomy

4]+ i ; . .
A§,n J)zAgn), agej=aj, j=0+3, I=—00+w, aq =a_y, ay=a_y-

Po3B’s3yBanbHa cucTeMa JIA M€l 3a1a4i Taka:
SR EERD o ] FEL
s=1 j=0k=1  m:dm+j=l T
Skt ) 3 S 0 samjd |_ .
szzl Vs {As’n +]§Ok§1 Ak m: 4%j¢ltl’n’k ]_ v
n=1+o0o, [=0+3.
PesynbraTi po3paxyHkiB HaBeAeHO B Tabnwuili 5.4 1 Ha pucyHky 5.8.
JIisi TOBHOTH aHami3y HaBEIEMO TaKOoX pe3yibTaTu pospaxyHkiB KIH nmms
koH(irypauii 5 (ag —ay; —ay —apy —a; —ayg ), pucyHok 5.9. I'padiku Hanpy>KeHb JUIs 1€l
KOH(pirypamii Majgo BIIPI3HAIOTHCA Bi 300paXeHMX HAa PHCYHKY 5.8, TOMy He

IpEe/ICTaBJICHI.

Tabmuusa 5.4 — 3anexnicts KIH Bix po3mipiB Tpimms. Kondiryparnis 4
(agp/ h,a1/ h,ay/ h) | (0.1,0.3,0.2) | (0.4,0.2,0.3) | (0.5,0.1,0.3)

K,/ (\Jago),z=0 1.010 1.089 1.103
Ky, /(\/Zlg), =] 1.095 0.966 0.877

K,/ (Jay),z=2h 1.023 1.066 1.056




G:(p/a,0)/c
| |
o* — 1. -} 3 7=
\ ag/h=0.5; a,/h=01; a4>/h=0.3; z=0
\
0.6
ag/h=0.5; a,/h=01; a>/h=0.3; 7=2h
0.4
\§ ag/h=0.5; a,/h=01; a:/h=0.3; z=h
- \ §(\
X—“———_—_____
__-_—___'_'—-—-__
0.0 75 1.25\15 75 pie |
\____\‘_______——‘
-0.2

PucyHok 5.8 — Po3noain HanpykeHb G, / G B 3aJIE)KHOCTI BiJl BiTHOCHOTO

po3Mmipy Tpimuau. Kondiryparis 4
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3a pe3yJibTaTaMU YUCEIbHUX PO3PaXyHKIB MOXKHA 3pOOUTH NEBHI BUCHOBKH. J{Jist

BCIX pO3TIsHYTHX KOH(Diryparriit Haitoinemuii KIH Binnosinae HaitOL1b111i 32 pO3MiIpOM

TpituHi. YuMm O1bIIa TpilHaA po3TallioBaHa 0115 1TaHO1, TUM O1IbIIIe BOHA PO3BAHTAXKYE

naHy TpinuHy. HaBnmaku, yum MeHIa TpilliHA po3TaIloBaHa Ouls MaHOI, THM OiTbIe

HaBaHTakeHa naHa. [lopiBHSHHS KOeQIlI€HTIB IHTEHCUBHOCTI HANPYXKEHb I PI3HUX

KOH(]Irypaliiil mokasye, 1o ajs TPIIIMH OJJHAKOBOTO PO3MIPYy BOHHM MAJIO 3ajeXkaTh BiJl

KOHKpeTHO1 koHirypartii. Bunstkom € KIH tpimuH, po3ramoBanux Ha abo OUTs Mexi

peacTaBHUIBKOTO mapy (Tabmuui 5.215.3, Z= h, Tabmumi 5.4 15.5, 2=2h).
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—1 ]
h 0, ]
]
h O, 4
00 ) P
[ )
0_1 4]
I - ]
8] [15)

Pucynox 5.9 — IlpencraBaunbkuii map. Kondiryparis 5

Tabmuusa 5.5 — 3anexnicts KIH Bix po3mipiB TpimmH. Kondiryparis 5

(ag/h,ay/h,ay /) |(0.1,030.2) | (0.4,0.2,0.3) | (0.5,0.1,0.3)
Klz/(\/%c),z:o 1.012 1.088 1.102
K./ (Jao),z=h | 1.09 0.964 0.877
K,/ (Jayo),z=2h | 1051 1.049 1.039

BucHoOBOK 10 po3niry

B po6oti Bmepmie (KpiM 3BUYAHHOTO TMEPIOUYHOTO BHUMAAKY) AOCHIIKYETHCS
HAmpY>KEHUW  CTaH  TPAHCBEPCAJIbHO-130TPOIMHOTO  TPOCTOPY,  MOCIAOIEHOTO
NEePIOIMYHUMHU CUCTEMAMHU TJIIOCKUX KPYTOBUX TPIIIUH, IEHTPH SKUX 3HAXOATHCS Ha OC1
aHI30TpoImii, a iX TUIONIMHU i TEepPNeHIUKYJSApHI. BBaxaeThcs, 1O BCl TPIUHU
3HAXOAATHCS i CTaJUM HOPMaJIbHUM HaBaHTaxeHHsSM. KokHa mepioguyHa cucTema
BU3HAYAETHCS TPEACTABHUIIBKAM IIApOM, IUIONIMHH SKOTO TEPHEHAUKYJISPHI OcCi
aHI30TPOITI{, 1 TKWI MICTUTh CKIHYCHHY CUCTEMY TPIIIUH Pi3HUX po3MipiB. Taka cucrema
YTBOPIOE MEBHY KOHQIrypario. B KOHKpeTHy KOH]Irypariito Moxe BXOAUTU Oyab-sKa
HernapHa KUIbKICTh TPIUIUMH JOBUIBHOTO PO3MIPY, aJie MPY MEBHUX OOMEKEHHAX: TPILUHU
CUMETPHUYHI BIITHOCHO CEPEIMHHOI IJIONMIMHU APy, iX pO3MIPU 33J0BOJLHSIOTH JESIKY
yMOBY 30DKHOCTI. HaBeneHi oOMexkeHHs1 3a0e3MeuyoTh MPaKTUIHO OIHOPIIHI YMOBH

BIZTHOCHO Toz 1 V. Ha Mexax NpeACcTaBHULILKOTO Mapy (MOPSA0K 3HAYEHb LIUX BEJIUUUH
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3HAXOAUTHCS B [Jlala3oHl 10_10 +10_14), AKI 1 MOXXHa BBaXaTW YMOBaMU Ha
HECKIHYEHHOCTI. Yl 3a/adi po3B’s3yBalucs y3araibHeHuM metonoM Dyp'e (YMD),
KWW JTO3BOJIMB 1X 3BECTH JI0 HECKIHUECHHUX aireOpaidHux cucteM 3 (pearolbMOBUMHU
oreparopamu. Pe3ybTaTu JOCIIKEHHS CITUPAITHCS TaKOK HA MTUPOKHH KOMII'TOTePHUHN
EKCIIEPUMEHT, B MeXaX SKOro OOYMCIIOBAIMCS PO3MOAUIM HAIpPYKEHb HE TIIbKU B
NepioIMYHUX 3a7adax, a 1Me W B HENeploJUYHUX, YTBOPEHHX KUIbKOMa
NPEICTaBHUIIBKUMHK mapamMu. [IopiBHSHHS pe3yJbTaTiB MMOKa3ajo, IO HAINPY>KCHHS B
OKOJII TPIIIIMH CEPEIMHHOTO IIapy MPHU HASBHOCTI CHMETPUYHO PO3TAIIOBAHUX BITHOCHO
HbOTO 5 — 7 mapiB (B 3aJ€XKHOCTI BiJl KIIBKOCTI TPIIIMH y Iapi) MatoTh 1 — 2 BipHI
3HAYyLIl HU(PU MicHsi TOYKH MO BIIHOLIEHHIO 10 niepioanyHoi 3agaui. s KIH noaioue
nopiBHSHHSA na€ 2 — 3 BipHi udpu. [Ipaktuyna mepeBipka 301KHOCTI METOYy PEAYKIIil
nokaszasa BUCOKY edektuBHIicTh YM®D. Tak noaBoeHHs mapamerpa peaykiii Big 10 o
20 mpuBeno 1o ctabimizaiii 8-12 3Hauynux nudp B OTpUMaHUX pe3yIbTaTax.
[TomaneIn AOCITIKEHHS B IbOMY HAIPSIMKY MOXKYTb OyTH TOB's3aHI 3 aHaII30M
Halpy>kKeHb B MEPIOJAMYHUX 3a/Jadax 3 OUIbII CKJIAJHUMH yMOBaMHU HaBaHTa)KCHHS

TPIIIHH.
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PO3JILT 6

JAEAKI 3AJAYI IJI1A TPAHCBEPCAJIBHO-I30TPOITHOI'O ITPOCTOPY
3 HEPIOAUYHUMHU TAKETAMU AHTUTPILINH

6.1 3araabHa IIOCTaHOBKA 3a1ayl

PosrisiHeMo mpykHHI TpaHCBEPCATbHO-130TPONMHUN TPOCTIP 13 HECKIHUCHHOIO

CHCTEMOIO OJIHOBICHMX MapaieibHUX IUIOCKMX KPYrOBHX aHTHTpiumH. {I;}72 .

[T03HAYMMO LEHTPU aHTHTPIMH {O;}7> BizcTanb Mk Humu /1 ( h>0), pazaiycu

—00
aHTUTPIMH ¢;. Ilpumyctumo, 1O BICH aHI30TPOMIi TPaHCBEPCAIBHO-130TPOIHOIO
POCTOPY MPOXOJIUTH Yepe3 IIEHTPHU aHTUTPIIMH. 3adiKCyeEMO B MPOCTOPi JIEKAPTOBY

cucTeMy KoopauHat (X, y, z) a MWIHAPHYHY chucTteMy (P, ¢, Z) MOB's3aHy 3 HEI, Tak,

106 Touka Oy GyJia CHiILHAM MOYaTKOM KoopauHar, a Bick Uz Maya HanpsMHuii BeKTOp

Oy0; .

PosrnsHemo 3agady BHU3HAYEHHSI HANPY>KEHOrO CTaHY 3a3HAYEHOr0 MPOCTOPY B
pa3i, KoJIM Ha HECKIHUCHHOCT1 MPUKJIAJCHO MOCTIMHE TBOBICHE CTUCKAIOUe HAMPY>KCHHS.
3amaya 3BOJUTHCSA A0 PO3B’SI3aHHS KpaloBOi 3a/ayi Al CUCTEMHU PIBHSHb PIBHOBAaru

TpaHCBEpCcabHO-130TponHOro Tina (2.8), (2.9), ne

o0
(x,3,2)eQ=R>\ |J T

[=—0
['paHnyH1 yMOBU Ha MOBEPXHAX AHTUTPIIIUH 1 HA HECKIHYEHHOCTI MAlOTh TaKHM

BUTJISIT:
V(x, y, Z)|(x, ¥, Z)Erl = O, [ = —00,00, G;;O =—0, ‘[;;oq) =0, rc‘;oz =0. (61)
Jnst moOynoBM YACTMHHHMX PO3B’SI3KIB cucTeMu piBHAHB (2.8), (2.9), sxki

BIATOBIJAIOTh FeoMeTpli 007acTi Q, 13 KOKHOIO TOUKOK () MOB’SHDKEMO CIPSIMOBaHY

BIAMOBIAHO 10 KoopauHaTtHOI cucreMu OX)z JIOKalbHY IEKAPTOBY KOOPIHHATHY

cucreMy (x7,)7,2z7), a Tako [IBl JEKapTOBI {(xls,yls,zls)}gzl Ta JIBI CTHUCHYTI
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cepoinanbHi {(éls,ﬁls,(p)}gzl KOOpPJIMHATHI CUCTEMHU TaK, IO BIAMOBIIAIOTh YMOBI
(2.17).

He ¢, napameTtp chepoinaabHOi CUCTEMH, SIKUH 301raeThCs 3 pajilyCoM BiANOBIAHOT
AHTUTPINTAHU, PIBHIHHS [ —oi MOBEPXHI TPIIIHUHU éls =0.
31 CHIBBIJHOUIEHb MK KOOpPAMHATaMHM BHIUIMBAE, IO PIBHOCTI T ,=1;2=1;

BUKOHYIOTHCS Ha HOBerHil — 1 aHTUTPIIIHHA.
6.2 IloOynoBa po3B'si3Ky 3a/1aui B 3arajibHii MOCTAHOBII

bynemo mrykatu po3B's3ok 3amadi (2.8) — (2.9) 3 peryiaspHUMH YMOBaMHu IpU

p —> co Y BUIUISIAI
’ ; LSS (D6
Vix,y,z2)=Vy(x,y,2)+ Z Z Z AS,nVS,n (Sis» Nis) (6.2)
s=1/=—00n=0

ne A§l,)1 — HEB1AOMI Koe(DIIIEHTH, iK1 HEOOX1THO 3HAUTH B MPOIEC] PO3B’SI3aHHS 3a/a4i,
170 (x, Y, z) — NEepPEMIILICHHS], SIKE 3a]J0BOJIbHSIE YMOBU HAa HECKIHUEHHOCTI.

Mu 3Hax0IMMO BEKTOPHY (DYHKIIIIO 170 K pO3B'sI30K CUCTEMU PIBHAHB (2.8), (2.9)
y Bursm V= Bpé,. Tomi, mpu B=-c/(cjj+cpp), TepeMillieHHs 170 3a1a€e

PIBHOMIpHUH HAINpPY>KEHUW CTaH y MPOCTOPi, IO BIATOBIAa€ TPAaHUYHUM yMOBaM Ha
HeckiHyeHHOocCT1 (6.1).
[lepeTBoprMO BekTOp mepemilieHb (6.2) 3a momomororo ¢opmynu (2.121) no

KOHOT OKpEMOi CUCTEMHU KOOpMHAT. B pe3ynbrari Maemo:

2 o
_ - N5+(6) 5 =
V(xp, v, 21) = BayehEy gsinfyy &, ++ 3. > ADVHO &, 7y) +

s=1n=0
2 0 0
= (6),F = 1 64) ] 46
2 Y V€ T T oA Y gl (@) £ (@) (63)
s=1n=0 m#l k=0 j=k
ITicna nepexony B popmyii (6.3) BiA NEpeMIIIEHb 10 HAPYyKeHb Ha oBepxHi 17

1 BUKOHAHHSI TPAHUYHUX YMOB (6.1) oTprMaeMO po3B’si3yBajibHY CUCTEMY:
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2
Z{ h+y zrsm“(m)}‘iﬁn,l,n:0+oo, I=—nsm,  (64)
T

s=1 m#l k=0

2 ~(l) < s, (m)
2 1\/7 Agn+ 2 2 i Agy |=0, n=0+00, [=—00+o0, (6.5)

m#l k=0

Jc

2a, . n+l 2 a :
toml =" =M sin(rn ) )RV s (5 = T 228 cos(mn [ 2)RODY
T q T a

o0
66 / 64 46
Ay =By A Wy =it X g ) @)

0,k —menbTa cuMBon Kpomekepa.

3ayBaxuMo, IO MpHU n=0 cucrema (6.4) — (6.5) 3aI0BOJBHSIETHCS MPHU

Zgl,?l =0 (s=1,2), 110 € HEOOXITHOIO YMOBOIO PETYJISIPHOCTI pO3B’ 3Ky (6.2).

6.3  Po3B's3aHHs 33724 3 NEPIOJUYHOIO CHCTEMOIO aHTUTPIIUH
6.3.1 Kondiryparris 1

PosrmsaemMo  cucteMy — OJHAKOBHX  aHTHTpIUH  (KoHirypamis ).

[IpeacTaBHUIIBKHIL AP AJIs1 TAKOi CUCTEMHU 300pakKeHO HA PUCYHKY 6.1.

1 )

1 3 i
.
) m——

UU T
|
a4

Pucynky 6.1 — IlpencraBuunbkuii map. Kongiryparis 1
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OckiIbKM 3aa4a € TMEepioIUYHOI0, TO HEBIJIOMI KoedilieHTH Zlgl,)q HE IIOBHHHI

3aJIe’KaTH BiJI IHACKCY | Toni cuctemy (6.4), (6.5) Mo>kHa TIEpenHUCcaTH Y TAKOMY BUTJISIIL:

2 0
p p s ’0 4 - 2
Z I:As,n + Z As,k Z tS,Zk :|: __Sn,la n=1+ow ) (6.6)
s=1 k=1 m#0 T
2 k B 0
A, +Z sk O Y =0, n=1+0m, (6.7)
s= l m#0 ok

Teopema 6.1. [Ipu BukoHaHHI YMOBU ajg +a,,s <h/\[v,, [ #m, s=1,2 onepaTtop

cucremi (6.6), (6.7) € ppenronbMOBUM ONEPATOPOM Yy T'IIBOEPTOBOMY IIPOCTOPL [y X 5 .
JloBenenHs Teopemu 6.1 aHANIOTIYHO JOBEACHHIO TeopeMu S.1.
Po3B's130k cuctemu OyB BUKOPUCTAHUM /1J11 BU3HAYCHHS PO3MOJILITY HAMPYT Y 30HI
il MaKCUMaJIbHOI KOHIIEHTPALlll — B IUIOIIMHI aHTUTPIIIIH 32 MeXaMH ii rpaHull. bynu
OTpHUMaH1 HAcTyMHI (GOPMYJIH Ul HaPyrd G, a Koe(iLi€HTa IHTEHCUBHOCTI HANPYTH

(KIH): K, :

2 o0
c ~ 1
6, (p,0)(c11 +¢12)/ (0cgq) =—2-13 = (kg +1) Y. As,n{ 253 2.
€44 5o n=1 m#0 (Sh™ g +C€OS™ Ngpy)

-[sh Esm sinty,, 0, (ish Esm)Pnl(cosﬁsm) —ch ésm cosﬁst,ll (ish %Sm)Pn (cosﬁsm)} +

(ish éso>Pnl(0>}

2 0
Ki-(ci1+en)/ (eggova)=—n Y (kg +1D) Y A 2y

s=1 n=0
UucenbHl pe3yibTaTH [Js BCIX PO3MISTHYTHX KOHQIrypauiii OoTpuUMaHO IS

MaTtepiasry  MpoOCTOpY, SKUM €  TICKOBUK 3  TPYKHHUMH  KOHCTaHTaMH

c11=5.8576-10'"Pa , c1p =2.5019-10'%Pa, c13=2.0793-10'" Pa,

C33=6.1105-1010Pa, 044:1.6584-1010Pa. s HbOoro KopeHi piBHsAHHS (2.15)

nopiBHIOWOTH vy =0.52, v, =2.01.
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Ha pucynky 6.3 300pakeHO po3Mo/iiil HApyKeHb Y MJIOIIMHI aHTUTPIIIUHHU 11032
il MEXer B 3aJIeKHOCTI BiJl BIIHOCHOTO PO3MIPY aHTUTPILIIMHUA Y MPEICTABHUIILKOMY
mapi. 31 3MEHLIEHHSM BIIHOCHOTO PO3MIPY aQHTUTPIIIMHM BEJIMYMHA HAIpPyru
3MEHIIIYETHCS, 1 B OISl MEXK1 aHTUTPINIUHU CIIOCTEPITAETHCS 3MiHA 3HAKA HAMIPYTH (TOYKA
3MIHHU 3HaKa He MoKa3aHa Ha rpadiky depes ii OIu3bKICTh A0 Mexki). Ha iboMy pucyHKY
1 Ha BCIX THIIUX BKa3aHO PO3MOALT HAMIPYTH ISl OAHIET AHTUTPIIIIMHU B yCHOMY MIPOCTOPI.
Ile HamaHo aJisg MOPIBHSHHS, OCKLIBKHM 3ajada JJIsg OJHIE] aHTUTPIIIMHUA Ma€ TOYHE

PO3B'sI3aHHA B 3aMKHYTIH hopmi.

6, (p,0)(cr1 +c12)/ (0cs4) =

_H 43 4k (ky + vy =k Uk +Dyfvy 1

aa ke + 1)V — ey (e + 1)y vy
Klz(6‘11+012)/(0446)——\/; o~k .
24V1 —k14V2

—arcsin(a / p) |,

Tabmuusg 6.1 — 3anexnicte KIH Bix po3mipiB antutpimus. Kondirypanis 1

alh 0.0 0.1 0.2 0.3

Ki (cr11+c12)/ (ca40) | 1.1529 1.1534 | 1.564 1.1609

HaiimMeHile 3HaueHHS HaNpyTd BIANOBiJIA€ OJIHIM aHTUTPINIMHI B mpocTopi. Lle

IPUPOAHO, OCKUIBKY OJHA AHTUTPIIIMHA € TPAHUYHUM BUMNAJAKOM KOH(pirypatii 1, konu

a (pikcoBane i h— o, KoedilieHT 1HTEHCUBHOCTI HANpPyTH Ma€ TMOAIOHY MPUPOIY

3MiHM. Y Tabmuui 6.1 HaBEAEHO 3aJIEKHICTh KOE(DILIEHTIB 1HTEHCUBHOCTI HAaNpyXeHb
(KIH) Bim mapamertpa alh. Tyt 3HauenHo d /h=0.0 signosinae TPaHUYHUIN BUIMAJ0K

h— o , TOOTO OJTHAa aHTHTPIIIKHA Y IPOCTOPI.
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6.3.2 Kondiryparis 2

PosrasiHeMo 1HIIy KOH(QIrypamil0 aHTUTPIIIMH Y MPEJCTaBHULIBKOMY IIapi
(pucyHok 6.2). ITosHauumo ii yMOBHO ag —aj —agy —aj .
Po3B's30k 3axaui (2.8) — (2.9) nns koudiryparii 2 mae Burisig (6.2), B sKoMy
AP = 4, ay;, j=a;, j=0,1; [=—0+o0.

S,

Po3B’sa3yBanbHa cucTeMa TyT 3alUCYETHCS TaK:

2 1 o

Nl ~(J 92 '7l 4 = | = =
DNAG+ X T AR X g | =B el 120, (68)
s=1 j=0k=1 m: 2m+ j#l T
2 1 oo

k - iy .
DAL X X AR X gt =0 n=lew, 1201, (©9)
s=1VVs j=0k=1 m: 2m+ j#l

Pucynok 6.2 — [IpencraBuunbkuii map. Kongirypaiis 2

HoBenenns QpenronbMoBOCTi orepatopa cuctemu (6.8), (6.9) awnanorigyHo
JOBEJICHHIO TeopeMH 5.1, TOMy TyT 1 Jajl He HaBOAUThCA. Pe3ynbratu po3paxyHKiB

HaBeJIeHO B TabmuIll 6.2 1 HAa PUCYHKY 6.4.
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6z (p/a, 0).(€11+€12)/(6C44)

N \ ah=0.1
N%ﬁ

1.0 1.25 1.5 1.75 pa
Pucynok 6.3 — Posznonin HanpyxeHb G,(p,0)(cy +c¢j2)/(0cq4) B 3a0EXKHOCTI

BIJI BIJIHOCHOT'O po3Mipy aHTUTpimnHu. KoHdirypais 1

G- (p/aZ)(C11+€12)/(6C44)

I
to/fe=0.1; a1/h=0.5; =0
il ittt M

ay/=0.1; @1/h=0.3; 2=0

s

g/ =0.1; @1 /h=0.5; 7=h

[
ap/71=0.1; «

\-\—“——_

Pers
i

\\‘—_

I —

e —
e ———
—

1.0 1.25 1.5 1.75 pla

PucyHok 6.4 — Po3nozin HanpysxeHb G, (p,0)(cj; +¢1p)/ (GCyq4) B 3aM€KHOCTI Bif

BiJTHOCHOTO po3Mipy aHTUTpimuHu. Koudiryparris 2

Pi3H1 32 po3MIpOM aHTUTPIIIMHY Y IPEACTABHUI[KOMY 1IApP1 BJKE BIUIMBAIOTh OJIHA
Ha OJIHY MpU 0OYMCIICHH] KOe(II€EHTIB IHTEHCUBHOCTI 1 PO3IOIiITY HAINPy>XKeHb B OKOJII
AQHTUTPIIKUH. 30UIBIIEHHS PO3MIPY OUIBIIOI AHTUTPIIMHYU NPU (HIKCOBAHOMY PO3MIp1
MeHIIIoi Bene M0 30UThIeHHST KoedillieHTa 1HTEHCUBHOCTI HANpPYyrd B OKOJII MEHIIOI
AHTUTPIMKUHU. | HaBMaKky, 301TBIIEHHS PO3MIPY MEHIIIOT aHTUTPIIIIUHY NPHU PIKCOBAHOMY
po3mipi OutbIIoi Bene a0 3MeHuieHHss KIH B okomni Outbmioi antutpimuHu. Ti k cami
3aKOHOMIPHOCTI CITOCTEPIraloThCsl B PO3MOJIIAX HOPMAIbHUX HAMpyr y IUIOMIMHAX

AHTUTPIIIUH 11032 1X MEX.
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Tabmus 6.2 — 3anexuicts KIH Big po3mipiB antutpimms. Kondirypariis 2

(o / hy a1 h) (0.1,03) | (0.2,04) | (0.1,0.5)
KIZ(CII +CIZ) /(C44G),Z=0 1.1630 1.1692 1.1785
KIZ(CII+CI2)/(C44G)’Z:h 1.1549 1.1577 1.1587

6.3.3 Koudiryparis 3

Tenep posrasHeMo  KoOH(irypamii 3  TpbOMa  PI3HUMH  TPILIMHAMH.
[TpencraBHULBKUN IIap AJIA MEPIIO] 3 HUX 300pakeHO Ha pUCYHKY 6.5. Ilo3Hauumo ii

YMOBHO ao —al — a2 —al — aO .

i

Pucynok 6.5 — IlpeacraBuunbkuii map. Kondirypariis 3

Po3B's30k 3amaui (2.8) — (2.9) nns koudirypaii 4 mae Burisia (6.2), B skoMy

A_g,4nl+j) 44 aqgl+j =4a;, J=0=+3, l=—00+00, aqy=a_y, ap =a_y-

S,
Po3B’s3yBanbHa cucTeMa JUIA i€l 3a1a4i Taka:

2
2 ,

B 3 oo _ . .
M350 3 |t nmtem 12053, 610
s=1 j=0k=1 " m:dm+j=l n

j=0k=1 m dm+ j#l

2 .
h{ FURS DRI ff,i’?*f”}o, n=l+oo, [=0+3. (6.11)
s=1

Pesynbrat po3paxyHKiB HaBeAeHO B TaOnuili 6.3 1 Ha pUCYHKY 6.6 Ta Ha

pUCYHKY 6.7.
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Sz(p/ag)(C1rtc12){oCq,)

ao/k:0.4;‘ a1/h=0.2; azlhi:O.J; =h
-1.5

ag/=0.4; 41/h=0.2; a5/h=0.3; z=2h
-1.8 A\

4o /h=0.4; a1/h=0.2; a2/1=0.3; z=0
2.1

pur
2.4 i
——\——___‘————___
1.0 1.25 1.5 1.75 pla

Pucynok 6.6 — Posnonin nanpyxens G, (p,0)(cy+cpn)/(Gcqq) B 3aNM€XKHOCTI

BIJIBITHOCHOTO po3Mipy anTutpimunu. Kondiryparis 3

Gz (p/a,2){(C1rtC12)/(0C4,)

aO/iFO.S! a;/h=0.1; aszi:0.3; =h
-1.5
g /1=0.5; a;/h=0.1; a>/h=0.3; 7=2h
-1.8 \
1g/=0.5; a1/R=0.1; a>/h=0.3; ;=0
21
\
\ T
2.4 Q
%
1.0 1.25 1.5 1.75 pla

Pucynok 6.7 — Po3znoain HanpysxeHsb G, (p,0)(cj1 +¢j2)/ (0C44)B 3a€KHOCTI B1J

BiJTHOCHOTO po3Mmipy anTuTpimunu. Kondiryparris 3

JUIsi KO)KHOrO MakeTy AaHTUTPIIIMH KOHpirypamii 3 HalBUIIMI KoeQilieHT
IHTEHCUBHOCTI HANpPYTH CIOCTEPIraeThCcsi HA MEX1 HAWMEHIIOI aHTUTPIIIUHU, 1 31
30UIbIICHHSIM po3Mipy cycigHix aHtutpimuH 1ied KIH 36iasmyerscs. [lomiOHi

3aKOHOMIPHOCTI OynM oTpuMaHi B posnoauti Hampyr o,(p,0)(cj;+cpp)/(ocas) y
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IUIOLIMHAX MEHIIMX AHTUTPIIMH 332 MEXaMU iX KOPAOHIB Yy MakeTl 3 OUIbIIMMHU

AHTUTPIIITUHAMH.

Tabmuns 6.3 — 3anexnicts KIH Bix po3mipiB antutpimma. Kondiryparris 3

(ag/h,ay/h,ar /h)  [(0.2,0.1,0.3)[(0.4,0.2,0.3)| (0.5,0.1,0.3)
Ky (cp1+c1p) /1 (ca40),2=0]  1.1549 1.1561 1.1551
Ky (cp1+c1p)/(caq0),2=h|  1.1597 1.1656 1.1707
Ky, (cr1 +cp) /(ca40), 2=2h  1.1539 1.1586 1.1594

BucnoBok 110 po3ainy

¥ po6oTI Brepiie A0CHKEHO HanpyKeHo-1e(OpMOBaHUI CTaH TPaHCBEPCAIbHO-
130TPOIMHOTO TPOCTOPY 3 TMEPIOAMYHUMH TAKeTaMH TUIOCKMX KPYTOBUX aHTUTPIIIHH,
LHEHTPH SKUX PO3TAIIOBaHI Ha OCl aHI30TPOMIli, a TUIONIMHYU MEPHEHAUKYISIPHI A0 HET.
BBaxaeTbcs, M0 TPOCTIp 3HAXOAUTHCS T JII€H0 TMOCTIMHOI JBOBICHOT CTHCKaHO4Oi
HaIpyTH, MPUKJIaZAeHOT HA HeCKIHUYeHHOCTI. [lepioguyuHa cuctema (IakeT) aHTUTPINUH
BU3HAYAETHCS MPEACTABHUIIBKAM IIApOM 3 IUIOMIMHAMY, MEePHEHINKYISIPHUMHU 10 OCi
aHI130TpOITI{, 1 MICTUTh AHTUTPIIIUHA PI3HOTO po3Mipy. Takwii MakeT yTBOPIOE TEBHY
KoH(Iirypamiro. Y KOHKPETHY KOH(QITYpallil0 MOXHa BKIIOYUTH OyAb-sSKy HEHapHY
KUIBKICTh AHTUTPIIIMH JOBUIBHOIO pO3MIpY 3 JOTPUMAHHSM TakuX OOMEKEHb:
AHTUTPIMIMHA CUMETPUYHI BIAHOCHO CEpPeIHBOI IUIONIMHU IIapy, iX poO3MipH
3aJI0BOJILHSIIOTh YMOBaM 301KHOCTI MeToay. BcTaHOBiIeHI oOMexeHHs 3a0e3IeuyIoTh
NPaKTHYHO OJHAKOBI YMOBH JUIsl JOTUYHUX HANPYKEHb 1 HOPMAJIbHHUX TEpEMIlIeHb Ha

MEXI MPEICTaBHUIIBKOTO MIapy (MOPSJIOK ITUX BEIWYWH 3HAXOJUTHCS B Jliama3oHi

10710210714 ), AKi MOXKHa PO3IIAAAaTH SK YMOBH Ha HECKIHYEHHOCTI. Yci 3amadi
pO3B’s3yBaIMCS y3araibHeHUM MeToaoM Dyp’e, 10 A03BOJMIO 3BECTH 1X JI0
HECKIHYEHHUX CHUCTEM JIHIMHUX anreOpaidHuX piBHSIHB 3 omneparopamu Dpearonbma.
[TpakTryHa mepeBipka ePEeKTUBHOCTI METOIY PEAYKIlli TOKa3ajia BUCOKY €(PEKTUBHICTh

y3arajgbHeHoro Merony dyp'e. Takum ynHOM, 30UIbIIEHHS MapaMeTpa peaykiii 3 10 mo
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20 mpums3Beno no craOimizamii 8-14 3Hauymux mudp B OTPUMAHUX pPE3yJIbTATaX.
[TopiBHsIHHSL KOE(QIIIEHTIB 1HTEHCUBHOCTI HaINpyXeHb Ui PI3HUX KOH(pIryparin
NOKa3ye, 110 A aHTUTPIIIMH OAHAKOBOTO PO3MIPY iX 3HAUEHHS Maylo 3ajeXaTb BIJ
KOHKpeTHO1 KoH(irypamii. OauH 13 mapalelbHUX HANIPSIMKIB JOCTIHKCHHS TOMI0HUX
npoOjeM TOB'SI3aHUI 3 TMEpPIOAUYHMMH TIaKeTaMH TPIIMH Y TPaHCBEPCAIBbHO-
130TporiHOMy mpoctopi. llle oJHUM MepcrneKTUBHUM HAIMpPSIMKOM JIOCHIJIKEHb € Kilac

HEOCECUMETPUYHUX 337124 3 EPIOJUIHIMHI CUCTEMaMH TPIIIHUH 1 aHTUTPIIIHH.
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BUCHOBKH

VY nucepTartiiiHiii poOOTI MPOBEICHO KOMIUIEKCHE aHAIITHYHE JTOCTIKCHHS 3a/1a4
NPYKHOCT1 [IJII TPaHCBEPCATBbHO-130TPOIHOIO0 CEPEIOBUINA 3 HASBHICTIO OKPEMHX
TPIIIMH, IEPIOAUYHUX CUCTEM TPILIUH Ta AHTUTPIIUH. OTpUMaHi pe3yJbTaTH MalOTh K
dbyHIaMeHTalIbHE, TaK 1 MPUKJIAIHE 3HAYCHHS I MeXaHIKH Je(OpMIBHOTO TBEPIOTO
TiJla Ta KOMIIO3UTHUX MaTepialiB.

1. OTpuMaB nojanplInii PO3BUTOK amapar y3arajabHEHOro metony ®@yp'e, mo
MOJISITAa€ 'y HACTYIMTHOMY: BIIEpIE JOBEACHO Oa3HUCHICTh CHCTEMH BiCECHUMETPUYHHX
pPO3B’SI3KIB PIBHAHb pIBHOBaru B MEPEMILIEHHAX TPAaHCBEPCAIBHO-130TPOITHOIO
CTUCHYTOTO chepoina i MpoCTopy 31 CTUCHYTOIO C(PepoinaibHOIO MOPOKHUHOIO.

2. OTpuMaHO HMXKHI OLIIHKA MOZYJIB BU3HAUHUKIB PO3B’SI3yBAIbHUX CHCTEM
MepIoi Ta JPYyroi KpaloBHX 3aaad IS TPaHCBEPCATbHO-130TPOIHOTO CTHUCHYTOTO
cepoina i mpocTopy 31 CTUCHYTOIO cPepoinaIbHOIO MOPOKHUHOK, BCTAHOBJICHHS KJ1aciB
PO3B’SI3HOCTI IIUX 3aja4 3BUYaiHUM MeToJIoM Dyp'e.

3. OTpuMmaHO HOBI TEOpEeMHU MTOMAaBaHHS JUIsI BICECUMETPUYHUX Oa3MCHUX
CTUCHYTHX c(epoigaibHIX PO3B'SI3KIB y BUIAIKY, KOJIHM TMOYATKH CHCTEM KOOpIAWHAT
JIOBUILHO 3CYHYTI B3JIOBXK OCl CUMETPIi.

4. Bnepmie orpumaHO mapaMeTpuyHy ~MOJENIb  HANpPYXEHOTO  CTaHy
TpPaHCBEPCAIBHO-130TPOIMHOIO0 CTUCHYTOTO c(epoifa 31 CTUCHYTOW cdepoinaabHO0
MOPOKHUHOIO, Ha 0a31 sIKOT MTPOBEICHO KOMIT' FOTEPHE MOJICTIOBAHHS HAMIPYKEHOTO CTaHy
CTHUCHYTOTO c(pepoiny 3 KpyroBor TPIIIUHOKO.

3. JlochimkeHo 3aady Npo HAMpyKEHUM CTaH TPaHCBEPCATbHO-130TPOITHOTO
IPOCTOPY 3 IBOMA MapajeTbHUMU KPYTOBUMU TPIIIIMHAMH.

6. Bnepmie mnocrtaBieHO Ta poO3B’s3aHO 3ajadl NpO  HANpPYXKEHUH CTaH
TPaHCBEPCAIBHO-130TPOMTHOTO TMPOCTOPY 3 TMEPIOAMYHUMU CUCTeMaMu (TIaKeTaMM)
TUTIOCKUX KPYTOBHX TPIIIMH 1 aHTUTPIIIUH.

[IpakTuHe 3HAYEHHS OTPUMAHHMX pE3YJIbTATIB TOJATAE y CTBOPECHHI HOBHUX
aQHATITUYHUX METOJIB MapaMETPUYHOTO MOJCIIOBAHHS 1 MPAKTUYHO TOYHOIO

pO3paxyHKy  HampyXeHo-Ie(OpMOBaHOTO  CTaHy  TPaHCBEPCAIbHO-130TPOIMHHUX
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MaTepiaiiB 3 HEOAHOPITHOCTSIMH, TPIIIMHAMU 1 TOHKHMH KOPCTKUMHU BKIIFOUECHHSIMU.
Pesynbratu nucepTaiiiHOro AOCHIPKEHHS MalOTh 3HAYHE MpaKTUYHE 3HAYCHHS B
KOHTEKCTI MAaTeMAaTHMYHOTO MOJIETIOBAaHHS MOPUCTUX 1 KOMIIO3UTHUX Marepiaiis,
pO3paxyHKy MIITHOCTI Ta 1HXXEHEPHOTO aHali3y eJEeMEHTIB KOHCTPYKINA 3
TpPaHCBEPCAIBHO-130TPOIMHUX MaTepiaiiB. 3acTOCYBaHHS OTPUMAHUX AaHATITHYHUX
PO3B'A3KIB JO3BOJISIE €EKTUBHO OMUCYBATH PO3MOILI HAIIPYKEHb Y 30HaX X HAHOUIbIIOT
KOHIICHTpAIlil, 0 € KPUTHYHO BaXXJIUBHUM IS OIIHKK HAJIMHOCTI Ta JOBFOBIYHOCTI
MaTepianiB 1 BUPOOIB.

Okpemo TpeOa 3a3HauuTH, 110 Yy3aradbHeHuil wmeron Dyp'e B OUIBIIOCTI
PO3IIIIHYTUX 331a4 HEMOKHA 3aMIHUTHU CYTO YMCEIbHUMHU METOJIaMU, 30KpeMa METOI0M
CKIHYEHHUX €JIEMEHTIB, OCKIJIBKH Il METOAU CTal0Th MaJOC(PEKTUBHUMH B 3ajlavax 3
JEKUTbKOMAa HEOJHOPITHOCTSIMH, Y TIEPIOANYHUX 3a7a4ax, MPU HEOOX1THOCTI OTPUMAaHHS

PEe3yJIbTaTIB 3 BEJIMKOI TOYHICTIO.
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